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The supplementary material is broken into 3 parts.
First, in Section [] we survey the necessary background
information to introduce our new code family, the subsys-
tem hypergraph product simplex codes (SHYPS) codes. In
particular, we discuss the notion of code automorphisms,
and how the subsystem hypergraph product construction
yields highly symmetric quantum codes, from well chosen
classical inputs.

Next, in Sections [[IJITV] we demonstrate how automor-
phisms of the SHYPS codes can be leveraged to obtain
low-depth implementations of logical Clifford operators.
Taking each of the CNOT, diagonal, and Hadamard-
SWAP families in turn, we produce fault-tolerant gener-
ators (typically physical depth 1), and demonstrate effi-
cient compilation of arbitrary operators. Utilising a novel
decomposition of Clifford operators, these results are
combined in Section [V] to yield an overarching bound on
the depth of Clifford implementations in SHYPS codes.
We refer the reader to Tables [[} [ and [[TT} for a detailed
summary of results.

Lastly, in Section [VI] we discuss syndrome extraction
and decoding of the SHYPS codes, and we provide details
about our numerical simulations.

I. MATHEMATICAL PRELIMINARIES AND
CODE CONSTRUCTIONS

We begin the preliminaries section with a review of the
Pauli and Clifford groups, including the binary symplec-
tic representation and examples of key types of Clifford
operations that will be the focus of later sections.

A. Review of Paulis and Cliffords

The Pauli group on n qubits is defined as

Pui=(i,X;,Z; | j € {1,...,n})
= <Xj7}/}72j |]€{]‘”n}>



For many applications, it is convenient to ignore global

phases involved in Pauli operators and instead consider
elements of the phaseless Pauli group, P,/ (i). The
phaseless Pauli group is abelian and has order 4™. Addi-
tionally, every non-trivial element has order 2, and hence
Pn/ (i) = F2". This isomorphism can be made explicit
in the following manner: as XZ = iY, any P € P,/ (i)
may be written uniquely as

n

[[x1zy = xvzv,

i=1
where u = (u1,...,u,) € F}, and v is defined analo-
gously. The combined vector (u | v) € F2" is known as
the binary symplectic representation of P. We equip F3"

with a symplectic form w : F3" x F3" — F, such that
for (u | v),(s|t) € F3",

(w|v),(s|t) — utt + svT.
This form captures the (anti-)commutativity of Paulis

(that is lost when global phases are ignored), as X“Z"
and X*Z! anti-commute if and only if

w((u|v),(s[1) =1.

For example in P,, the element X; anti-commutes with
Y175, and we check that
X1~ (1,0,0,0)
YiZy ~ X121 Zy— (].,0, 1, ].)7

and
(U((].,O, 07 0)7 (17 07 1’ 1)) = 1

The Clifford group on n qubits, denoted Clif,,, is the
normalizer of the n-qubit Pauli group within U(n). Le.,

Clif,, := Ny (n) (Prn)
={g€U(n): gPg ' €P,forall PcP,}.

For example, the two-qubit controlled-not operator
CNOT,; ;, the single-qubit phase gate S;, and the single-
qubit Hadamard gate H;, are all Clifford operators. Fur-
ther examples include all gates of the form e'?I, but as
the global phase is typically unimportant we restrict our
attention to

Cpy = Clif, /{e} x <1\;L§i> .

We likewise refer to this as the Clifford group, and note
that

Cn = <CNOT¢J,S¢,H¢ 01 SZ,] S’I’L>

The action of a Clifford operator via conjugation cor-
responds to a linear transformation of F3" in the binary
symplectic representation. Moreover, as conjugation pre-
serves the (anti-)commutation of of Pauli operators, the

corresponding linear transformations preserve the sym-
plectic form. The collection of such linear transforma-
tions is known as the symplectic group and is denoted
Span(2). Finally, observe that P, < C,, but that conju-
gation by a Pauli operator induces at most a change of
sign, which is ignored by the binary symplectic represen-
tation. Taking the quotient by this trivial action, we see
that C,, /Py, = Span(2) [I, Thm. 15].

The representation of Clifford operators by 2n x 2n
binary matrices is key to the efficient simulation of sta-
bilizer circuits [2]. Moreover, as we’ll demonstrate, it is
a useful framework for synthesising efficient implemen-
tations of logical operators in quantum codes (see also
m).

We conclude this section with an explicit construction
of some symplectic representations for Clifford operators.
Following [2], we assume that matrices in Spa,(2) act on
row vectors from the right. L.e., given P € P,, with binary
symplectic representation (u | v), and g € C,/P, with
binary symplectic representation G, we have gPg~! +—
(u | v)G. In particular, the images of the Pauli basis
X, Z;, are given by the ith and (i + n)th rows of G,
respectively.

Ezample 1.1. (CNOT circuits) As CNOT circuits map
X-type Paulis to other X-type Paulis (and similar for
Z-type), in Spay,(2) they have the form

{(g COT) L C e GL,(2)).

For simplicity we typically describe such operators solely
by the matrix C.
For example, CNOT 2 € C3 has C defined as follows

11
01 € GL3(2)
00

= o O

Ezample 1.2. (Diagonal Clifford operators) The Clif-
ford operators that act diagonally on the computational
basis form an abelian group, generated by single-qubit
phase gates S; and the two-qubit controlled-Z gate C'Z; ;.
Hence, modulo Paulis, they are represented by symplec-
tic matrices of the form

{(é ?) : B e My(2),B" = B},

where the diagonal and off-diagonal entries of the sym-
metric matrix B determine the presence of S and CZ
gates, respectively.

For example, S; - CZ; 2 € Cy corresponds to

1
0
0 S Sp4(2).
1

101
011
001
000
And the action of this example on a Pauli, X7,

(S1-CZ12) X1+ (S1-CZ12) t =Y12,



corresponds to

(1707070)' = (170a151)

1011
0110
0010
0001
Ezample 1.3. (Hadamard circuits) In Sps,(2),
Hadamard circuits H” = [[ H;" have the form

I, + diag(v)
{( diag(v)

diag(v) 1\ . n
I, + diag(v)) v el

where diag(v) is the diagonal matrix with entries
ViyeooyUp.

For example, the transversal Hadamard operator
H®3 = LY ¢ C5 corresponds to

(103 103) € Spo(2).

B. Subsystem codes

A quantum stabilizer code on n physical qubits is the
common +1 eigenspace of a chosen abelian subgroup
S <P, with —I ¢ §. The subgroup S is known as the
stabilizer group, and moreover if S admits a set of gen-
erators that are either X-type or Z-type Pauli strings,
then the code is called CSS [3]. Quantum subsystem
codes are the natural generalisation of stabilizer codes,
in that they are defined with respect to a generic sub-
group G < P,, known as the gauge group [4]. Moreover,
subsystem codes are typically interpreted as the subsys-
tem of a larger stabilizer code whereby a subset of the
logical qubits are chosen to not store information and the
action of the corresponding logical operators is ignored.
More formally, given gauge group G, the corresponding
stabilizer group S is the centre of G modulo phases

(S,ily=2Z(G) :=Cp,(G)NG.

Phases are purposefully excluded (in particular, —I ¢ S)
to ensure the fixed point space of S is nontrivial, and said
space decomposes into a tensor product C, ® Cg, where
elements of G\S fix only C,. The subspaces C, and Cg
are said to contain the logical qubits, and gauge qubits,
respectively.

The logical operators of the subsystem code are differ-
entiated into two types, based on their action on C, ® Cg:
those given by Cp_ (G)\G that act nontrivially only on
Cr are known as bare logical operators. Whereas oper-
ators acting nontrivially on both C, and Cg are known
as dressed logical operators, and are given by Cp, (S)\G.
Note that a dressed logical operator is a bare logical op-
erator multiplied by an element of G\S. The minimum
distance d of the subsystem code is the minimal weight
Pauli that acts nontrivially on the logical qubits C,, i.e.,
the minimum weight of a dressed logical operator

d=min{|P| : P e Cp,(S)\G}.

We say that a subsystem code is an [n, k, d] code if it uses
n physical qubits to encode k logical qubits with distance
d. The notation [n, k, g, d] that additionally indicates the
number of gauge qubits g, is also commonplace (but un-
used throughout this paper).

The advantages of subsystem codes are most evident
when the gauge group G has a generating set composed of
low-weight operators but the stabilizer group S consists
of high-weight Paulis. Measuring the former operators
requires circuits of lower depth (therefore reducing com-
putational overheads), and the measurement results can
be aggregated to infer the stabilizer eigenvalues. In fact,
for the codes considered here, the difference in the sta-
bilizer weights and gauge operator weights is a factor of
the code distance (see Section [VI| for more details). We
note that it is exactly the measurement of operators in
G\S that act nontrivially on Cg, that prevents the gauge
qubits from storing information during computation, as
these measurements impact the state of Cg.

In this work we restrict our attention to [n,k,d]-
subsystem codes that are also of CSS type, with X-
and Z-type gauge generators determined by matrices
Gx € FoX*™ and Gz € Fy2*" respectively. Here each
vector v € FF NRowSpace(Gx ) denotes an X-type gauge
operator X", with Z-type gauge generators similarly de-
fined. The associated stabilizers will also be of CSS type,
and denoted by Sx,Sz.

C. Automorphisms of codes

Code automorphisms are a promising foundation for
computing in QLDPC codes as they can provide non-
trivial logical operators implementable by permuting, or
in practice simply relabelling, physical qubits. In this
section, we review permutation automorphisms of classi-
cal and quantum codes, which will serve as the backbone
of our logical operation constructions.

Let’s first set some notation: given a permutation
o € S, of the symbols {1,2,...,n} in cycle notation,
we identify o with the permutation matrix whose (i, j)th
entry is 1 if i = 0(j), and zero otherwise. For example

(172a3)(4) 5) € S5 =

[N eNal )
oo, OO
OO OO
_ o o OO
o= O OO

The permutation defined above maps the initial indices
{1,2,3,4,5} to {2,3,1,5,4}. So given a standard basis
vector e; € Fy, o acts on row vectors on the right as e;o =
€5-1(i), and on column vectors on the left as oel = %T(i)~
Definition I.4. Let C be an (n, k, d)-classical linear code
described by a generator matrix G € FE*". Then the
(permutation) automorphism group Aut(C') is the collec-
tion of permutations o € S;, that preserve the codespace.



Le., 0 € Aut(C) if for all ¢ = (c1,...,¢,) € C,
. ,Ca(n)) eC. (1)

As C'is linear, it suffices to check (1)) on the basis given
by the rows of G. Hence o € Aut(C) if and only if there
exists a corresponding g, € GL(2) such that Go = ¢,G
[5l Lem. 8.12]. In particular, g, represents the invertible
linear transformation of the k logical bits, induced by the
permutation.

The parity checks of the code C' are similarly trans-
formed by automorphisms: letting C denote the dual
classical code, we have Aut(C) = Aut(C+) [5, Sec. 8.5].

So given a parity check matrix H € anik)xn for C
we have equivalently that o € Aut(C) if there exists
he € GL,,_k(2) such that Ho = h, H.

This definition extends naturally to quantum codes:

Definition 1.5. Let C be an [n, k,d] (CSS) subsystem
code with X and Z type gauge generators determined
by Gx € FpX*™ and Gz € Fy2*", respectively. Then
Aut(C) consists of permutations that preserve the gauge
generators, i.e., 0 € S, such that

co = (Co(1 - -

ga‘,XGX = GXU, gU,ZGZ = GZ(Ta
for some g, x € GLy,(2) and go.z € GLy,(2).

The logical operator implemented by o € Aut(C) is
determined by the permutation action on the code’s log-
ical Pauli operators. In particular, o always gives rise to
a permutation of the logical computational basis states
of C corresponding to a logical CNOT circuit [6, Thm.
2].

In later sections we outline quantum constructions util-
ising classical codes, and consequently how classical auto-
morphisms may be leveraged to produce quantum logical
operators. In these instances, the logical CNOT imple-
mented by the quantum code automorphism is a function
of the associated classical linear transformations. This
motivates an investigation of classical codes with high
degrees of symmetry.

D. Classical simplex codes

Let » > 3 and define n, = 2" — 1, d, = 2"~1. The
classical simplex codes, denoted C(r) are a family of
(n,,r,d,)-linear codes, that are dual to the well-known
Hamming codes. More specifically, we consider C(r) with
respect to a particular choice of parity check matrix: for
each 3 < r < 500 [7], there exists a three term poly-
nomial h(z) = 1+ 2% + 2® € Fy[z]/ (2™ — 1) such that
ged(h(z), 2™ — 1) is a primitive polynomial of degree r
[8]. Then the n, x n, matrix

4

is a parity check matrix (PCM) for C(r) [5, Lem. 7.5],
where here we adopt the usual polynomial notation for
cyclic matrices

n,—1

E a;z* mod z" — 1+ (ag,a1,...,an,-1) € F5".
=0

Note there are many alternative choices for the PCM of
C(r); in fact H chosen here has greater than n, — r rows
and so this description contains redundancy. However
what the choice above guarantees is that each row and
column of H has weight 3, leading to low-weight gauge
generators and optimal syndrome extraction scheduling,
of an associated quantum code (see Section .

The simplex codes are examples of highly symmetric
classical codes with large automorphism groups.

Lemma 1.6. The automorphism group of the simplex
codes are as follows:

Aut(C(r)) =2 GL,(2).

Intuitively, Lemma |I.6| means that each invertible lin-
ear transformation g € GL,(2) of the r logical bits, is
implemented by a distinct permutation o of the n, phys-
ical bits [5, Ch. 8.5].

Ezample 1.7. Let r = 3. The polynomial h(z) = 1+ 2%+
23 is primitive and hence the overcomplete parity check
matrix

1011000
0101100
0010110
H=|]0001011
1000101
1100010
0110001

defines the (7,3,4)-simplex code. A basis for C(3) is
given by the rows of generator matrix

G= , (2)

O O =
o~ o
— O
O~
=
— = O
— o O

and we observe that

1
0 G =G-(2,4)(5,6).
0

O~
_ o O

Le., the bit permutation (2,4)(5,6) € Aut(C(3)) induces
the linear transformation

(v1,v2,v3) — (V1 + v2, V2, V3)

on the 3 logical bits (v1,ve,vs) € F3.

In the remainder of this work, we assume that all parity
check matrices H € F3*"" for the classical simplex code
are taken as above.



E. Subsystem hypergraph product simplex
(SHYPS) codes

Here we describe our main quantum code construction,
namely the subsystem hypergraph product simplex code, in
greater detail.

Definition I.8. Let r > 3,n, = 2"—1,d, = 2"~!, and let
H, be the parity check matrix for the (n,.,r, d,)-classical
simplex code. Then the subsystem hypergraph product
of two copies of H,, denoted SHY PS(r), is the subsys-
tem CSS code with gauge generators

GX = (H®In7)> GZ = (Inr ®H)

We call SHY PS(r) the subsystem hypergraph product
sitmplex code.

It’s clear by definition that the row/column weights of
Gx and Gz match those of H, and so the SHY PS(r)
codes are a QLDPC code family with gauge generators
of weight 3. Moreover, the gauge generators have a par-
ticular geometric structure: we arrange the n? physi-
cal qubits of SHY PS(r) in an n, x n, array with row
major ordering, such that for standard basis vectors
(e1,...,en,) =F5", the vector e; ® e; corresponds to the
(i, j)th position of the n, x n, qubit array. For example,
the first row of H given in Examplelmis 71 =e1+es+ey
and hence the first row 7 ® e; € G x indicates an X-type
gauge generator supported on the vector

r®e =e e +e3®er +e4 ey,

i.e., on the (1,1),(3,1) and (4,1) qubits of the array. It
follows that gauge generators in Gx (respectively Gyz)
are supported on single columns (respectively rows) of
the qubit array.

We follow [9, Sec. 3B] to describe the parameters
[n,k,d] of SHY PS(r): firstly recall from the above that
n = n2. Next, to calculate the number of encoded qubits
k, observe that the the Pauli operators that commute
with all gauge generators, are generated by

Lx =, ®G), Lz =(G®I,,). (3)

Here G is a chosen generator matrix for the classical sim-
plex code (so in particular G is a matrix of rank r such
that HGT =0).

The centre of the gauge group (Gx,Gz) determines
the stabilizers of a subsystem code. In particular, for
SHY PS(r) these are generated by

Sx=(H®G), Sz =(G® H).

Finally, k is calculated by comparing the ranks of Lx
and Sx:

k =rank Lx —rank Sx
=ng-r— Ny —7) 71

=2

More specifically, RowSpan(Lx\Sx) determines the
space of logical X-operators, with logical Z-operators
defined similarly. However, as indicated in Section [[B]
we consider the action of these operators up to multi-
plication by the gauge group. Hence the minimum dis-
tance d of the code is given by the minimum weight op-
erator in (Lx,Lz) - (Gx,Gz) — (Gx,Gz). For subsys-
tem hypergraph product codes, this is exactly the mini-
mum distance of the involved classical codes, and hence
d(SHY PS(r)) = d, = 2"~ [9, Sec. 3BJ.
In summary, we have the following

Theorem 1.9. Let r > 3 and let H be the parity check
matriz for the (27 — 1,7,2"~1)-classical simplex code de-
scribed in Section[I D, The subsystem hypergraph product
simplex code SHY PS(r) is an [n, k,d]-quantum subsys-
tem code with gauge group generated by 3-qubit operators
and

n=(2"-1)?
k=r?
d=2""1.

It’s evident from the tensor product structure of
(3) that like the physical qubits, the logical qubits of
SHY PS(r) may be arranged in an r X r array, such that
logical operators have support on lines of qubits. In fact,
recent work [I0] demonstrates that a basis of logical op-
erators may be chosen such that pairs of logical X/Z op-
erators have supports intersecting in at most one qubit.
The following result is an immediate application of [10]
Thm. 1]:

Theorem 1.10. Let r > 3. There exists a generator
matriz G € Fy*"" for the classical simplex code and an
ordered list of r bit indices m(G) C [1..n,] known as piv-
ots, such that PGT = I,. for the pivot matrix P € Fy*":
P, ; =1 if and only if 7(G)[i] = j. Moreover, the matri-
ces

Lx=(P®G), Lz=(G®P),

form a symplectic basis for the logical X/Z operators of
SHY PS(r).

The proof of [I0, Thm. 1] is constructive and, as the
name pivots suggests, relies on a modified version of the
Gaussian elimination algorithm [I0, Alg. 1]. This yields
a so-called strongly lower triangular basis for the simplex
code, represented by G, with rows {g; }ier () indexed by
the pivots. As P has row weights equal to one, we see
that the matrix products PGT = I, and LXLE = I
hold not only over Fy but over R. Hence, given pairs of
pivots (i, j), (k,1) € m(G)?, the associated logical Paulis
Yi,j, 7;@’1 given by basis vectors e;®g; € Lx and gr®e; €
Lz have intersecting support if and only if (4, 5) = (I, k).
Moreover, this intersection is on the (¢, 7)th qubit of the
array. From this point, we assume that G, and the logical
operators of SHY PS(r), are of the form above.



F. Lifting classical automorphisms

The geometric structure of SHY PS(r) suggests a nat-
ural way to lift automorphisms of the simplex code by
independently permuting either rows or columns of the
qubit array. In this manner, we see that SHY PS(r)
inherits |GL,(2)]2 = O(2%*") automorphisms from the
two copies of the classical simplex code, and hence
Aut(SHY PS(r)) grows exponentially with the number
of logical qubits k = r2.

Lemma 1.11. Letr > 3 and C be the (n,,r,d,)-simplex
code with automorphisms o1,00 € Aut(C). Then o1 ®
o9 € Awt(SHY PS(r)). Furthermore,

|Awt(SHY PS(r))| > |GL(2)|2.

Proof. Clearly 01 ® o5 is a permutation of the required
number of qubits n = n? and so we need only check
that it preserves the gauge generators Gx and Gz. By
definition of code automorphisms, for each o; € Aut(C)
there exists a corresponding h,, € GL,,(2) such that
he,H = Ho;. Hence

GX . (0'1 ®O’2) = (HO’l ®O’2)
= (h01H®02)
= (hal ®02) : GX7

with Gz similarly preserved. For the second claim, note
that a tensor product of matrices A ® B is the identity
if and only if A and B are also identity. Hence each pair
01,09 € Aut(Cy) X Aut(Cs) produces a distinct o1 @ o €
Aut(SHY PS(r)). O

Note that the above result naturally generalises to all
subsystem hypergraph product codes, constructed from
possibly distinct classical codes.

To determine the logical operator induced by the above
automorphisms we examine the permutation action on
the logical basis given by Theorem [[.10}

Lemma 1.12. Let r > 3 and C(r) be the (n,,r,d,)-
simplex code with generator matriz G. Furthermore, as-
sume that 01,09 € Aut(C) with corresponding linear
transformations 9o, , 9o, € GLr(2) such that g,,G = Go;.
Then 01 ® o2 € Aut(SHY PS(r)) induces the following
action on the basis of logical operators

Lz - (Ul ® 02) = (901 ®g;2T) Lz,

Lx - (01®03) = (95, ®go,) - Lx.

Proof. For ease of presentation, let’s consider the action
of 0 ® I where 0 € Aut(C) (the general case follows
identically). Firstly observe that

Lz(o®1) =(Go®@P) = (9oG® P) = (95 1) Lz.

The permutation action on the basis of X-logicals is then
given by

Lx(c®I)=(Po®G),

where
ILo=Lx Ly =Lx(c®I) - (¢" @)L}
= (Po®G)-(Ly(c® )T
=(Po®G) - (G"aP") (¢faI).

Collecting terms and noting that A® B = I, if and only
if both components are identity (recall also that PGT =
L), it follows that PoGT = g;T. Now H spans ker G
and hence all solutions to the above are of the form

Po=g,;"P+ AH,

for some A € M, . In summary, there exists A such that

Lx(c®I)=Po®G
= (¢, "P+AH)® G
= (9,7 @ DP2G)+(A®I)(H®G)
=(¢;T®I)Lx + (A® I,)Sx.

That is, up to stabilizers (the exact stabilizer determined
by A), 0 ® I has the desired action on Lx. O

As a logical Clifford operator is determined (up to a
phase) by its action on the the basis of logical Paulis,
Lemma demonstrates that the qubit permutation
01 ® oy induces the logical CNOT circuit corresponding
t0 95,7 ® 9o, € GL,2(2).

II. CNOT OPERATORS IN SHYPS CODES

In this section, the collection of automorphisms
{01 ® 02| 0; € Aut(C(r))} < Aut(SHY PS(r))

serves as the foundation for generating all logical CNOT
operators in the SHYPS codes.

First, following [6], we show how all logical cross-block
CNOT operators (with all controls in a first code block,
and all targets in a second code block) may be attained by
sequences of physical depth-1 circuits, that interleave the
transversal CNOT operator with code automorphisms.
In-block CNOT operators are then achieved by use of an
auxiliary code block (see Section [[TA). To demonstrate
efficient compilation, we develop substantial linear alge-
bra machinery for certain matrix decomposition prob-
lems — we expect these methods to be useful for logical
operator compilation in many other code families.

A summary of depth bounds for a range of logical
CNOT operators of SHYPS codes is available in Table

Notation: We adopt the notation discussed in Ex-
ample where CNOT circuits on b blocks of k = 2
logical qubits or n = n? physical qubits, are described by
invertible matrices in G Ly,2 (2) or G'Lyy2(2), respectively.
The collection of all (not necessarily invertible) n x n bi-
nary matrices is denoted by M,,(2) and E; ; € M, (2) de-
notes the matrix of all zeros except the (i, j) entry equal
to 1. The collection of diagonal matrices are denoted
Diag,, (2) C M, (2).



T =
Ao}

Figure 1. Physical implementation of a cross-block CNOT
operator utilising ™ € Aut(C).

Lemma II.1. Let g1,90 € GL,.(2). Then the logical
. I g1 ®gs I 0

CNOT circuits 0 7 Ny og I € GLy,2(2)

on code SHY PS(r) may be implemented by a depth-1

physical CNOT circuit.

Proof. First recall that (like all CSS codes) the transver-

- T2
sal CNOT®": implements CNOT®" between two code
blocks of SHY PS(r). Independently, it follows from
Lemmas and that there exist o; € S, , such

that the physical CNOT circuit given by (é o1 (; Uz) €

G Ly2(2) implements (é 7 292) € GLy,2(2). Hence
I 0 (TN (I 0 \_(Iocaon
00f1®051 0171 0 o1®09)  \O 1 ’

implements

1 0 (L I\ (I 0 (I g1 ®g

0g'®gy') \0I) \0gi®g) \O T )
But recall that m = 01 ® 02 is a permutation matrix, and
in particular has row and column weights equal to one.

Hence
I x
07

represents the depth-1 physical CNOT circuit
L CNOT; z-1(i)4n2-  The circuit diagram illustrat-
ing this conjugated CNOT operator is given by Fig.
The transposed logical CNOT circuit follows iden-
tically by exchanging the operations on the two code
blocks. O

We now establish some notation for our generators,
and drop the overline notation on the understanding that
all operators are logical operators unless specified other-
wise.

Definition II.2. Denote the above collection of logical
CNOT operators induced from classical automorphisms
by

A::{(é 91(?92) c g €GL(2)}and  (4)

AT ;:{<glé92 ?) . g € GL,(2)). (5)

A. Generating cross-block CNOT operators

The CNOT operators A and AT are natural gener-
alisations of CNOT®"" in that they have a transversal
implementation on a pair of code blocks, and are thus
inherently fault-tolerant. It is therefore highly desirable
to use these circuits as generators for a larger class of
CNOT operators. In this section we will see that they in
fact suffice to efficiently generate all CNOT circuits be-
tween an arbitrary number of code blocks; a result that
is highly unexpected in the context of generic quantum
codes, and is derived from the particularly symmetric
nature of the classical simplex codes.

Before proceeding, we state our first main result, which
concerns cross-block CNOT operators in SHYPS codes

Theorem I1.3. Let A € M,2(2).
block CNOT operators given by

(67) (4 1) et

are implemented fault-tolerantly in SHY PS(r) using at
most r2 +r + 4 generators from A and AT

Then arbitrary cross-

In particular, the implementation of cross-block
CNOTs scales with the number of logical qubits k = r2.
In fact, by considering the size of the groups involved we
see that this scaling is optimal up to a constant factor:

as |M,2(2)| = 27" and |A| = |GL.(2)]2 = 0(2*),
M2(2) = A" = [M,2(2)| < |A[',

and hence [ > r2/2.

Theorem [T3] is the foundation for much of the efi-
cient, fault-tolerant computation in the SHYPS codes; it
is from these operators that we build arbitrary CNOT
operators, as well multi-block diagonal Clifford gates (in
conjunction with a fold-transversal Hadmard gate — see
Section .

To prove Theorem [[T.3] first observe that the composi-
tion of cross-block CNOT operators in (A) (and similarly
in (AT)) behaves like addition of the off-diagonal blocks

I 1®@g2\ (I hai®h2\ _ (I g1®@ga+hi®ho
0 I 0 I —\0 I ’

Hence our Clifford generation problem becomes a ques-
tion of showing that tensor products of the form g; ® go
efficiently generate the full matrix algebra, under addi-
tion. In summary, Theorem is an immediate corol-
lary of the following result

Theorem I1.4. Let A € M,2(2). Then there exist w

pairs of invertible matrices g, , g, € GL.(2), for some
w

w < 7?4744 such that A=3"1  gi, © giy.-

The remainder of this section is devoted to the proof
of Theorem and so it is useful to begin with some
remarks on our approach: First observe that the main



challenge is that the matrices g;, etc. must be invert-
ible. We first demonstrate that a decomposition of at
most 2 terms is easy without this invertibility condi-
tion, and then proceed to adapt this to invertible tensor
products, while incurring minimal additional overhead.
To this end we develop a number of matrix decomposi-
tion results that consider spanning sets in GL,.(2), as well
as the effect of adding specific invertible matrices such as
permutations.

To track these results, we introduce the following
weight function.

Definition IL.5. Let A € M,2(2). The weight of A,
denoted w(A), is the minimal number of pairs (gi,, gi,) €

GL,(2)? such that A =" g, @ g,,.

First let’s decompose our arbitrary matrix into a non-
invertible tensor product

Lemma I1.6. Let A € M,2(2). Then there exist t < r?
matriz pairs M;, N; € M,.(2) such that A=) M; ® N;.

Proof. Let A, ; € M,(2) be the (7, j)th block of A. Then

A=) Ei;®Ai (6)
i,j=1
is a decomposition of the required form. O

Note that the minimal ¢ required can often be much
lower than 2, and such a minimal decomposition is typ-
ically referred to as the tensor rank decomposition.

The task now is to convert an expression of the form
@ into a similar expression comprising only invertible
matrices.

Lemma IL.7. Let M € My(2), (k> 2) then M is a sum
of at most two elements in GLy(2).

Proof. First let’s check that the claim holds for the iden-
tity matrix.

111 011
12:(}(1))+<(1)}> and;=(011)+[001
101 100

are appropriate decompositions for k = 2, 3. Then clearly
larger I can be decomposed as blocks of 2 or 3 and
treated as block sums of the above.

Now for arbitrary M € My(2) of rank | < k, there
exist invertible matrices g, g’ € GL(2) corresponding to
row and column operations respectively, such that

1
M / — l
gMg < OM) :

and zeros elsewhere via Gaussian elimination. But we
know that there exist X,Y € GL;(2) such that X +Y =
I; and hence

=6 (Y ot (U e

is a decomposition as a sum of two matrices in GLg(2).
NB: if M has rank 1 then simply take

10 11 01
(06)=(o)+(10)
and proceed similarly. O

As the tensor product is distributive over addition,
each non-invertible matrix may be split in two using

Lemma to yield
Corollary IL.8. Let A € M,2(2). Then w(A) < 4r%.

Although this establishes a bound w(A) € O(r?), we’ll
see that the constant factor 4 can be greatly improved.

Proposition I1.9. Let A € M,2(2) have a tensor de-
composition of rank t, i.e., there exists M;, N; € M,(2)
such that A = Zzzl M; ® N;. Then

w(A) < min(4t,2t + 8,t + 7+ 6,72 +r 4+ 4).

The first step in proving Proposition is to gener-
alise Lemma to vector spaces and spanning sets of
invertible matrices. This also requires an understanding
of the proportion of binary matrices that are invertible.

Lemma I1.10. Letr > 1. Then

L, @)1/1M; ()] > 7.

Proof. First observe from standard formulae that

T

GL(2)l/|M,(2)] = [T(1 =279,

i=1

and hence the Lemma clearly holds for » = 1. For r > 2,
we’ll prove the slightly stronger statement

1
GLr2)I/|Mo(2)] > 5 +270F/2),

via induction. The statement is easily checked for r = 2
and assuming the result holds for some [ > 2:

|G Li41(2)]/|Mi11(2)] = |GLu(2)|/[Mi(2)] - (1 = 27¢FD)
1
> (i + 2—(l+3/2)) (1 - 2—(l+1))
= i 49— (43/2) _ 9—(143) _ 9—(2145/2)

_ [1 + 27(l+1+3/2)]

+ [;{(l+1+3/2) — 9= (43) _9=(2+5/2)],
So the result follows for [ 4 1, provided
27(l+5/2) o 27(l+3) - 27(2l+5/2) > 0.
But this holds if and only if
ol — 2712 1 =9"Y(2 - v2) -1 >0,

which is indeed true for [ > 2. O



Lemma I1.11. Let V < M,.(2) be a vector subspace of
dimension d. Then there exists T C GL.(2) such that
IT| < min(2d,72,d +2) and V < (T).

Proof. The first two entries in the bound min(2d, 2, d+2)
follow immediately from Lemma and the fact that
(GL,(2)) = M,(2) which has dimension r2. It therefore
remains to show the final d + 2 bound. Well if V' con-
tains an invertible matrix g; then V' = (g1, V') for a vec-
tor space V' of strictly smaller dimension. Hence we as-
sume without loss of generality that V' < M,.(2)\GL,(2)
consists solely of non-invertible matrices. Let’s denote a
basis of V by Ay,..., Aq.

As the cosets M,.(2)/V tile the space M,.(2), by Lemma
there exists M € M,(2) such that the proportion
of invertible matrices in the coset M + V is greater than
1/4. Le., if we denote these invertible elements by G C
M +V, then |G| > 2972, Now as each element of G has
the form M+ 3", a; A;, it follows that even-weight linear
combinations of elements in G are non-invertible. Hence

(G)| > 2G| > 297,

and thus (G) has dimension at at least d. So there exist
linearly independent ¢i,...,94 € G and the subspace of
even weight linear combinations V' < (gq,...,g4) is a
d — 1 dimensional subspace V' < V. Finally, taking any
A € V\V’ and applying Lemma to yield a sum of
two invertibles A = g441 + ga+2, it follows that

V=(V"A) < (g1, 9dr2)

O

Next we prove some useful Lemmas that study the ef-
fect of adding diagonal matrices and permutation matri-
ces.

Lemma I1.12. For all A € M,(2) there exists a diagonal
D € M, (2) such that A+ D € GL.(2).

Proof. We proceed by induction on r. The case r = 1 is
clear, and suppose the Lemma holds holds for {. Then
for A € M;+1(2) we may write

!
A:(A v)
uT|a

for some A’ € M;(2), u,v € F,, and a € Fy. By the
induction hypothesis there exists diagonal D’ € M;(2)
such that A’ + D’ € GL;(2). Then for diagonal

D D'| 0
"\ 0 fa+uT(A+D)Tw+1

we have

(A +D| v
A+D_< uT UT(A/+D/)_1U+1>

_ I 0 A"+ D'[0
WA +D) 1) 0 |1

G

As each matrix in the product decomposition above is
invertible, A+ D € GL;41(2). O

Corollary I1.13. Let A € M,(2) and P € GL,(2) be a
permutation matriz. Then there exists O € M, (2) with
nonzero entries supported on the nonzero entries of P
such that A+ O € GL,(2).

Proof. Apply Lemmal[lI.12]to P~'A4 to find a diagonal D
such that P~'A + D is invertible and then define O =
PD. O

Lemma II.14. Let D € M,(2) be a diagonal matriz.
Then either D € GL.(2), or D+ P € GL,(2) for all
r-cycle permutations P.

Proof. Clearly D is invertible if and only if D = I, so we
restrict to the case where D # I. First note that as P
is an r-cycle, the full set of indices 1,...,r is contained
in the single orbit of P. l.e., given any starting point ¢,
the list i, P(i), P?(i),..., P"~'(i), is a re-ordering of
1,...,r. Consequently, we may index columns of D 4+ P
by the numbers P!(i). Now since D # I, there exists
some ¢ such that the i-th diagonal entry of D, is zero.
Choosing this as the starting point of our column index-
ing, we see that the columns of D 4+ P are given by

(Def +epiy = €pay Depgayteps(iys - - Depro gy Tepr(s)-

By induction, we show the span of the first m elements
of this sequence is given by

<€1€(i), €1T32(i)7 ) evam(i)>-

The base case is trivial by assumption. For the inductive
step, observe that the [ 4+ 1 entry of the sequence is ei-
ther 61T:-z+1(,;) or €1T>z(i) + eglﬂ(i), neither of which are in
<e£(i), 61T32(i)7 el elzgl(i)> since P is an r-cycle, and either
of which when added to the generating set yields a vector
space given by <e£(i), egz(i), e eglﬂ(i)). Thus the span
of the columns is

<€£(i)7 egz(iy e ,eg,‘(i)> = <€{, eg, e

,e?> =T.
As the columns of D + P span F}, D + P is invertible as
desired. O

Corollary I1.15. Let P € GL,(2) be a permutation, and
D € M,(2) be diagonal. Then either PD € GL.(2) or
PD + PQ € GL.(2) for all r-cycle permutations Q €
GL,(2).

Proof. Apply Lemma to D, then multiply by P,
which preserves invertibility. O

With these results in place, we are ready to move onto
the proof of Proposition



Proof. (Proof of Proposition [I1.9).

can write

By assumption, we

t
A=) M;®N;
i=1
for some M;, N; € M,(2). By Lemma we can find
a set of ¢ elements B C GL,(2) that generate all M;,
for ¢ < min(2t,7%,t + 2). Expressing each M; as a linear
combination of elements of B, we have

t q q t
A:Z ZM;@'B ®Ni:ZBj® (Z,%JV}) .
j=1 i=1

i=1 \j=1
By Lemma [II.12} there exists some C; € GL,(2) invert-
ible and some D; diagonal so that

t
Cj +Dj = ZujiN

=1

for all 1 < j < ¢q. The vector space spanned by the set
{D;}j_, has dimension p < min(q,r), and after expand-
ing each Dj in a basis E for (D;), we can rewrite A as

q
A=) "B;®C;+>» B;®D,

Jj=1

q p
C;+ Z B; ® (Z 5szz>
j=1 =1
p q
Cj+z Z(ngBj ® Ey.
=1 \j=1

.
gl
i

Il
M=
85

.
Il
—

[
M=
S

j=1
Again, by Lemma we can compute a set
of m elements F from GL,(2) that contains
<Z§:1 8;Bj - 1§£§p>. Expressing elements

from the span as F-linear combinations, we have

P m
Cj+z (Zﬁwﬂ;) ® Ey
B ® C; +ZF ® (Z&e&)

a=1 =1

A

<
Il
—_

I I
MQ 'MQ

J

Next, by Lemma [I1.14] every > _; B4¢E¢ is such that
adding p, P for some p, € Fy and P a fixed r-cycle makes
the matrix invertible, and so we have

q m p
A:ZBj®Cj+ZFa® (paP-i-ZﬁaeEz)

j=1 a=1 =1

“riFa@(paP)
—ZB ®C +ZF ®<paP+Zﬁa€El>

a=1 =1

10

+ (Z paFa> ® P
a=1

Finally, by Lemma we know that Z;r;l paFy is the
sum of at most two invertibles. This permits us to write
for G1,Gs € {0} @] GLT(Q)

A= ZB ®C; +ZF ® (paPJrZBaeEe)

j=1 /=1
+G1®P+G2®P

where by construction every lone or bracketed term is
an element of GL,(2). Therefore, we conclude w(A) <
q +m + 2, where we recall

q < min(2t,72,t 4 2)
m < min(t+2,r) + 2.

There are now four relevant regimes to bound w(A):

(t <3): rather than follow the process above, each
M;, N; can be decomposed as a sum of two invertible
matrices using Lemma to yield w(A4) < 4t.

(83 <t <r— 2): here we take g to be bounded by ¢+ 2
and m bounded by ¢ + 4 to give w(A) < 2t + 8.

(r—2 <t <r?—2): here we take ¢ to be bounded by
t + 2 and m bounded by r + 2 to give w(A) <t +r + 6.

(t > r? — 2): finally here we take ¢ bounded by r? and
m <7+ 2 to yield w(A) <72 +r+ 4. O

Summarising the worst case of Proposition [[I.9] The-
orem is now immediate, and we repeat it below for
convenience

Theorem II.16. Let A € M,=2(2).
r+4.

Then w(A) < r? +

For applications in decomposing arbitary Clifford op-
erators it is useful to consider the more specific case of
upper-triangular matrices:

Lemma I1.17. Let A € M,2(2) be any invertible upper-
triangular matriz. Then w(A) < r(r+1)/2+6.

Proof. Following similarly to the proof of Proposi-
tion we can always write any such A as the sum

r(r—1)
2

Z Si®Ni+ZEi,i®Ui
i=1 i=1

for S; strictly upper triangular matrices, N; arbitrary
elements of M,(2), E;; the usual weight one diagonal
matrices, and U; an invertible upper triangular matrix.
Computing a generating set G of invertible matrices for
the space spanned by N; with at most ¢ < w + 2
elements and collecting terms, we have

r(r—1)
q 2 T
4=32( 3 wisi ) 06+ LB
j=1 i=1 i=1



r(r+1)
2

q q
=TI | G| +> I+ Y viSi
j=1 j=1 i=1
+Y Ei;@U.
=1

Applying Lemma [[T.7) to the first term, and noting that
4
each I + E VNS € GL,(2) yields

w(A) <g+2+ w(z E;; ®U;).
i=1

But then E; ;4+C is invertible for any r-cycle C and hence
the final term is bounded by

T

> w(Ei; + C.U;) + w(C, Z U) <7 +2.

i=1 i=1

The result now follows. O

B. Arbitrary CNOT operators

Theorem establishes efficient fault-tolerant imple-
mentations of cross-block CNOT circuits. It thus remains
to show how our lifted automorphisms may implement
CNOT circuits within a single code block. We remark
that this does follow from [6l, Thm. 4], however by relying
not on generating transvections, but rather an auxiliary-
block based trick, we minimise additional overhead.

Lemma I1.18. Any logical CNOT circuit on a code block
of SHY PS(r) (i.e., any element of GL,2(2)) may be gen-
erated by 2 +r+4 depth-1 CNOT circuits from AU AT,
using a single auziliary code block.

Proof. Take an arbitrary C € GL,2(2). The CNOT cir-
cuit C' can be executed using a scheme based on the well-
known quantum teleportation circuit:

) | |
0) et Hz - Clv)

So at the cost of introducing an additional auxiliary code
block in the |0) state (which may be prepared offline in
constant depth) and teleporting our state [¢), C is ap-
plied within the code block for the cost of a single element
from <A U .AT>. The lemma then follows directly from
Theorem [L3

O

Note that in the remainder of this section, we con-
sider arbitrary CNOT operators, modulo a possible per-
mutation of the logical qubits. These will be accounted
for later when compiling an arbitrary Clifford operator
in Section [V] and in fact SWAP circuits may be imple-
mented more efficiently than generic CNOT operators
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(see Section |IV|and Table . In particular, logical per-
mutations on b code blocks are implementable in O(r?)
depth, a cost that crucially doesn’t scale with the number
of code blocks (see Theorem .

Lemma I1.19. Up to logical permutation, any logical
CNOT circuit across two code blocks of SHY PS(r) (i.e.,
any element of GLa,2(2)) may be generated by 412 + 4r +
16 depth-1 CNOT circuits from AU AT, and executed in
depth 3r2 4 3r 4+ 12, using at most 2 additional auziliary
code blocks.

Proof. Let X € GLg,2(2) and assume that X has PLU
decomposition

__(CL 0\ (Cy Ay
X_P<BL C’)(o C;])'

As all diagonal blocks in L and U are invertible, there
exist A}, By, € M,2(2) such that

_ I 0\ (CCy O I Ay
X_P<B’L I)( 0 C’LC,’J) (o r)
Here P is a cross block permutation that as stated in
the Lemma, we need not consider (in practice it will be
accounted for as part of a holistic Clifford decomposition,
or simply tracked in software). Of the remaining three

factors, the outer two matrices are clearly in <AT> and
(A), respectively. Hence it remains to implement

CrCy 0
0 o)

i.e., arbitrary invertible CNOT circuits C = C;Cy and
C' = C},CY;, within the individual code blocks. It follows
from Lemma[[T.1§ that these can be implemented for the
cost of a single element from <AUAT>, each using a
single auxiliary code block.

We conclude that X is implemented by a circuit con-
sisting of at most 4 logical cross-block CNOT circuits,
and hence 4(r?2 + r + 4) depth-1 circuits from A U AT,
Furthermore, C and C’ can be performed in parallel
since they are applied to different code blocks. Hence,
X can be implemented in a depth no greater than
3(r2 +r+4). O

We conclude this section by generalising the above to
an arbitrary number of blocks. For ease of presentation
in the proof, and to avoid overly complicated compiling
formulae we restrict our attention to b = 2% blocks -
the general case follows similarly. We state the following
result in terms of rounds of cross-block CNOT circuits in

(AU AT)

Lemma II.20. Let b =2% and X = GLy,2(2) be an ar-
bitary CNOT circuit across b code blocks. Up to possible
logical permutation, X is implemented by b(b+ 1) cross-
block CNOT circuits in <.A U AT>, performed over 2b— 1
rounds.



Proof. We start again with a PLU decomposition for X,

_(CL 0\ (Cu Ay
e (G ) (V)

where each block in L, U themselves consist of b/2 sub-
blocks, and the permutation P may be ignored. Isolating
U, we have that

u- (Co Av) _ (Cu 0 (I Oyt Ay
Lo co,)=Vo a)lo 1)
But C~' Ay consists of b/2 x b/2 blocks M, ; € M,2(2)
and hence

1 b/2 b/2
I Cy Ay -1 I 353" Eigitiy ® Migi)
0 I ] 0 I
j=1
b2
_ H I E; 550y © M; 550
0 I ’
ij=1

where o = (1,2,...,b/2) is the length b/2 cyclic shift of
indices. For example if b =4, 0 = (1,2) and

1 CalAU _ (I Exa®@Mia\ (I E22® Mo
0 I B 0 I 0 I

(I Er2@ Mg\ (I Ezn® My
0 I 0 I ’

Observe that each square bracketed term, correspond-
ing to a fixed power o/, consists of b/2 block to block op-
erators in (A) that may be performed in parallel. Hence
the off-diagonal matrix in the decomposition of U re-
quires b?/4 operators in (A), that with parallelisation
can be achieved in b/2 rounds.

To cost the diagonal term in U we proceed by in-
duction: assume that each (upper triangular) block
Cu,Cy € GL(b/2)r2(2) may be implemented by f(b/2)
generators in A, over t(b/2) rounds (both are performed
in parallel). Then

t(b) = t(b/2) + b/2 and f(b) = 2f(b/2) + b /4.

Solving these recurrence relations using initial conditions
t(2) =2 and f(2) = 3 yields

t(b) =band f(b) = g(b—i— 1).

Recall that these costings are for U only, however the
costings for L are identical. Lastly, we note that the b
in-block CNOT operators appearing in L can be com-
bined with those in U and executed together in a single
round. Thus given cross-block operators in <AU AT>,
any b-block CNOT circuit X € GLy,2(2) can be imple-
mented in 2b — 1 rounds, for a total b(b + 1) cross-block
operators. O
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Corollary IL1.21. Let b = 2% and X = GL2(2) be
an arbitrary logical CNOT circuit across b code blocks of
SHY PS(r). Then up to a possible logical permutation,
X is implementable in depth at most (2b—1)(r? +r +4),
using depth-1 CNOT circuits in AU AT .

Proof. This is immediate from Theorem [L.3] and
Lemma [[1.20] O

Lastly, let’s consider the case of single CNOT operators

Lemma 11.22. Any single logical CNOT operator be-
tween or within code blocks is implementable fault-
tolerantly in depth at most 4.

Proof. A single CNOT gate across code blocks that con-
nects the (i,7)th and (I, k)th qubits corresponds to the
matrix in GLg,2(2) with off diagonal block E;; ® Ej;.
The result then follows by decomposing each term in the
tensor product into a sum of two invertible matrices using
Lemma

For an in-block gate, we instead decompose the matrix
I+FE,p®E.q € GL,2(2) where at least one of a # b,
or ¢ # d holds, and then apply the scheme introduced in
the proof of Lemma In particular, observe that

I+E3®@FEcq=10{I+Ecq)+ I+ Eqp) @ Ecq
=+ FEup) @1+ Ep @+ Eea)

One of the two expressions above will always contain at
most two non-invertible terms, and hence two applica-
tions of Lemma yields w(I + Eqp ® E. q) < 4. Thus
the corresponding in-block CNOT operator has depth at
most 4.

We remark that the most common instance will be that
both a # b and ¢ # d, in which case there is only one
non-invertible term, yielding depth 3. O

Remark. (Space Costs) Throughout this section we
have been primarily concerned with minimising the depth
of CNOT operator implementations. This directly trans-
lates to minimising the number of logical cycles required
in SHYPS codes and (assuming a fixed time cost for syn-
drome extraction), the total time cost. Of lesser impor-
tance has been tracking the space overhead of these op-
erator implementations but this can be easily derived:
cross-block logical generators in A U AT require 0 addi-
tional qubits, whereas Lemma demonstrates that
applying an in-block CNOT circuit requires a single aux-
iliary code block. Hence, assuming that in-block op-
erators are performed in parallel (as in the proof of
Lemma@ , a logical CNOT operator on b code blocks
incurs a space overhead of at most bn qubits. Addition-
ally, in the large b limit, [6, Thm. 4] implies that we can
get away with 0 additional code blocks without changing
the leading order terms for time overheads.




III. DIAGONAL OPERATORS IN SHYPS
CODES

The previous section characterizes the depth-1 CNOT
circuits that arise as lifts of classical automorphisms, and
furthermore, how such circuits generate the full group of
CNOT operators across multiple blocks of the SHYPS
codes. We now turn our attention to diagonal Clifford
gates, i.e., those that correspond to diagonal unitary ma-
trices with respect to the computational basis. In partic-
ular we describe a collection of depth-1 logical diagonal
Clifford operators that leverage automorphisms of the
classical simplex code C(r), and demonstrate how these
efficiently generate all diagonal Cliffords. Recall from
Section [[A] that up to phase, such Clifford operators are
generated by S and CZ gates and form an abelian sub-
group of C,.

Before going through the details on diagonal operators,
we note that all results below can be trivially converted
to results on X-diagonal operators, i.e., Clifford opera-
tors that are diagonal unitary matrices when considered
in the Hadamard-rotated computational basis. This sub-
group of Clifford operators is obtained by conjugating
diagonal operators by the all-qubit Hadamard operator.
The fact that results on diagonal operators carry over
to X-diagonal operators can be understood by consider-
ing that conjugating a diagonal operator by the all-qubit
Hadamard operator transforms its symplectic representa-
tion by moving the off-diagonal block from the top-right
quadrant to the bottom-left quadrant.

A. Lifting classical automorphisms

Recall that diagonal Clifford operators are represented
modulo Paulis by symplectic matrices

{(é Jf) € Spu(2) | Be SYM(2)},  (7)

where SY M (2) C My(2) denotes the subspace of sym-
metric matrices.

As the diagonal subgroup is abelian, efficiently gener-
ating all operators thus becomes a question of decompos-
ing arbitrary symmetric matrices as short sums from a
particular collection of generators. We construct these
generating symmetric matrices from classical automor-
phisms such that the corresponding diagonal operators
have favorable depth and fault-tolerance properties.

Before proceeding we first define a distinguished per-
mutation on our qubit array; in the language of [I1],
this permutation is a ZX-duality. Intuitively, the map
7 exchanges the vector spaces defining X- and Z-gauge
operators, and will be used to account for the fact that
conjugating X-Paulis by diagonal Cliffords may produce
Z-Paulis.

Definition III.1. Given a? qubits (physical or logical)

arranged in an a X a array, let 7, € S,2 be the permuta-
tion that exchanges qubits across the diagonal, i.e., 7, is
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an involution exchanging qubits (i, ) <> (4,%). In partic-
ular, 7, = 7,1 =77.

As we typically index qubits by the tensor product
basis e! ® e;*-r, we have equivalently in vector form that
Ta(e] ®el) = e] @e] . This extends naturally to matrices

acting on this basis:
To(A® B)1, = B® A.

We’re now ready to introduce our generating set of log-
ical diagonal Clifford operators in the SHYPS codes: a
collection of so-called phase-type fold-transversal opera-
tors [IT].

Lemma II1.2. Let r > 3 and C(r) be the (n,,r,2""1)-
simplex code with generator matriz G. Furthermore, as-
sume that o € Aut(C(r)) with corresponding linear trans-
formation g, € GL.(2) such that g,G = Go.

Then o lifts to a physical diagonal Clifford operator

oy (1 00777

that preserves SHY PS(r). Moreover, this depth-1 cir-
cuit of diagonal gates has logical action given by

T = (0" 2370 7).

Proof. Firstly we need to establish that B = (c®07T)-7,,
is symmetric for U (o) to define a valid physical diagonal
Clifford. As the transpose and inverse of a permutation
matrix are equal, it suffices to check that B is self-inverse:

B*= (0@ )1, (0 @cT )Ty,
=(c@d")(0" ®o)
= (oo" @ ol o)
=1
Next observe that as a product of permutation matrices,
B has row/column weights equal to one and thus cor-
responds to a depth-1 physical circuit. As U commutes
with Z-gauge operators, to confirm that U acts as a logi-
cal operator of SHY PS(r) we need only check the action
on X-gauge operators, described by Gx. Well
Gx - B=H®&I,) (c®d") 1.,
=(Ho®ol) 7,
= (he @ )(HRI) T,
=(he®@ol) -7, - (I® H),

where we've used that Aut(C(r)) = Aut(C(r)t) and
hence there exists h, such that Ho = h,H. But

(hg@UT) *Tr: (I®H) = (hU@JT) TGz
and hence the action of U(c) is given by

[Gx,0]-U=[Gx,(hs®0) -7 -Gz].



We conclude that conjugation by the physical Clifford
U preserves stabilizers and hence performs a valid logi-
cal Clifford operator on SHY PS(r). Note that by the
nature of the symplectic group, this logical Clifford is im-
plemented up to a Pauli correction. As there is always a
Pauli operator with the appropriate (anti)commutation
relations with the stabilizers and logical operators of the
code to fix any logical/stabilizer action sign issues, we
can ignore this subtlety [I2]. The logical action of U is
then determined akin to the proof of Lemma

=(PRG)-(c@d") -1,
(P0®GU “Th,

(g g HPOG) 7,

=g "oy ) (GeP)

=(g ") 7Lz O

As we are focused primarily on the logical action and
not the particular automorphism being used, we shall
typically relabel g~ + g for ease of presentation. Sum-
marising the above we have

Corollary II1.3. Let g € GL,.(2). The logical Clifford

— Ty .
operator U = é (g@g7)- 7 on code SHY PS(r) is

1
implementable by a depth-1 physical diagonal Clifford cir-
cuit.

Example 111.4. Let » = 3 and G be the simplex code
generator matrix from . Observe that

110 110 1011100
010]G=1010 0101110
001 001 0010111
1011100
=11110010
0010111
=G-(1,4)(3,5).

Hence

(T [(1,4)(3,5) ® (1,4
o !

implements

1
= I |1
U= 0

Remark. Recall that the presence of S and CZ gates in
diagonal Clifford operators is determined by the di-
agonal and off-diagonal entries of B, respectively. Then
specifically for our generators, diagonal entries are de-
termined by the fixed points of the permutation matrix
o®ol -1, . Here we see that

T T oo Ty _ T(T o T
oRa Ty (e Rej)=0o®0 (e; ®e;)
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_.T T
= €o(j) © Co1(i)

if and only if 0(j) = i. Hence c @07 -7,

v/n fixed points {eg(]) ®e?}?;1, and the

corresponding physical diagonal Clifford generator con-
tains n, S gates, and (n? — n,.)/2 CZ gates.

equals el ® e
has exactly n, =

Corollary establishes a collection of logical diag-
onal Cliffords that are implemented in SHYPS codes by
depth-1 physical circuits and we denote these by

B::{(é (g®gIT)~

Unlike the CNOT circuits of Lemma [[I.1] these opera-
tors are not implemented strictly transversally. Further-
more, as they contain entangling CZ gates within a code
block, one may be concerned that X-faults occurring
mid-circuit spread to a high-weight Z-error pattern on
different qubits. However from a fault-tolerance perspec-
tive, this error spread is only of concern if the additional
Paulis increase the support of a nontrivial logical opera-
tor. Otherwise the final error pattern, and the collection
of circuit faults that caused it, are equally correctable by
the code’s error correction protocol.

This notion of fault-tolerance is quantified by the cir-
cuit distance dg;.. which is the minimum number of faults
required in a noisy quantum circuit to produce a logi-
cal error, without triggering any syndromes. It’s clear
that dg;,. is bounded above by the code distance, and if
deire = d we call the circuit distance preserving.

As the following Lemma demonstrates, our diagonal
operators B meet this distance preserving criterion.

) L geCL).

Lemma IIL.5. Let U € B. Then there exists a physical
implementation with circuit distance dejr. = d.

Proof. By Lemma [[TL.2] there exists o € S, such that
U is implemented by U(c ® o7) where the off- diagonal
entries of ¢ ® o7 determine the presence of physical CZ
gates. As discussed above, CZ gates spread Y/Z faults
but by the structure of the logical Paulis in SHY PS(r)
(see Theorem , a single X-fault spreads to a weight
two Z-Pauli in the support of a logical operator if and
only if the CZ connects qubits in the same row or column.
Hence to show that d.;,. = d it suffices to show that this
is not the case.

Well firstly consider two distinct qubits e; ® e; and
e; ® ek, j # k in some fixed row i. Then

=(ei®e;) (0@ )T, - (e;®ex)”
= (eiaeg) ® (eJUTeT)

T)T
R

T
(0 © 0" )T, 6

= (e;oe}) @ (ejoe

But (e;oe}) = 1 if and only if o(k ) = 4 and this cannot
also hold for k # j. Hence (0 ® 0")7y, ;) ny = 0 for
j # k, confirming that U(oc ® oT) contains no CZ gates
joining qubits within a row. The result for columns fol-
lows identically. O



In summary, the diagonal operators U(g ® g7) are
depth-1, distance-preserving (i.e., fault-tolerant) logical
operators of SHY PS(r). It’s natural therefore to pro-
ceed as in Section [[TA] and consider the subgroup of log-
ical diagonal operators they generate.

B. Generating in-block operators

In this section we show that the fault-tolerant logi-
cal operators B generate all diagonal Clifford operators
of the SHYPS codes. Furthermore, the compilation of
operators using this generating set scales asymptotically
optimally. For exact costings of the overhead required
to implement a range of diagonal operators we refer the
reader to Table[[T} but first we focus on proving the fol-
lowing result.

Theorem III.6. FEvery in-block logical diagonal Clif-
ford operator (modulo Paulis) in SHY PS(r) is imple-
mentable by a sequence of at most r> +5r + 2 generators
from B for r > 4 and at most r> + 8r + 2 generators for
r=3.

As aforementioned, the diagonal Clifford operators
(modulo Paulis) of the SHY PS(r) code are in one-to-
one correspondence with symmetric matrices SY M,2(2).
Hence Theorem [[IL.6] is an immediate corollary of the
following result.

Theorem IIL.7. Let S € SYM,2(2). Then there exist
Ai,...,Ap € GL,(2) for somep < r?+5r+2 (r*+8r+2
when r = 3) such that

S =S"(4; ®AD)r.

p
=1

K3

Similar to the work in Section[[]] the strategy for prov-
ing Theorem is to first show an analogous (and typ-
ically stronger) result over (possibly) non-invertible ma-
trices. We then adapt such a decomposition to invertible

matrices, while minimising any additional overhead in-
curred.

Lemma IIL.8. Let S € SYM,2(2). Then there exist
My,...,M, € M.(2) for some a < r%+ 1, such that

S = za:(Mi ® MI)r.

i=1
The proof of Lemma uses the following notions of
matrix reshaping
Definition III.9. (Flatten) Let M = (m; ;) € M,2(2).
Then the flatten function fl: M.(2) — F%X’j is defined

mi1 .-
fl P—)(le

my1 ...

mai,r
mi, M21 ...

My y

).
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By considering the action of fI(M) on basis vectors
ef @el and e ®e], we see immediately that fI(MT) =
FUM) - T.

(Reshape) Given M € M,2(2), there exist block ma-
trices M; ; such that

M= 3 Ei;&M,y;.
1<i,j<r

Then the re-shape function re : M,2(2) — M,2(2) is
defined as follows

re: M — Z fl(Ei,j)T'fMMi,j)

1<i,j<r

Le., the successive rows of re(M) are formed by flattening
successive blocks of M

For example

re: —

o= OO

1
0
1
0

O~ =
O = ==
— == =
— == O
OO ==
S oo O

The effect of the reshape map is more evident on how it
acts on basis vectors

(i, @ i )re(M)(e], ®ej,) = (es, @ ej,)M(ef, ® e],).

Le., it effectively swaps the indices i and j;. This is thus
linear and also self-inverse.

Proof. (Proof of Lemma The proof strategy is to
use a binary Cholesky decomposition [13] that decom-
poses symmetric matrices as sums of outer products of
vectors with themselves. To account for 7 we don’t apply
this directly to the desired S but rather a transformed
matrix S’ = re(S-7)-7 - undoing this reshaping later cor-
respondingly transforms outer products into summands
of the desired tensor product form.
First observe that

(e;, ® 67;2)5’(6jr1 ® e};) = (es, @eg)re(S-7)-7(el @el)

where we have unpacked the definitions of 7, re and used
that S is symmetric. Hence, by definition S’ is also sym-
metric.

Now we apply the work of [I3] to decompose S’ via a
binary analogue of the well-known Cholesky decomposi-
tion. Let a = rank(S’) + (J[(Si; + 1) mod 2) (i.e., the
rank of S’, with an additional plus one if all diagonal
entries are zero, so in particular a < r% +1). Then there

2
exists L € Fy ** such that S’ = LLT [13, Thm. 1].



Next observe that the matrix product LLT may be
rewritten as a sum of outerproducts of the columns I of
L with themselves

S =LL" = (... 1) (I 1) = Ilf.
k=1

Considering a single summand of the form /I7, there ex-
ists M = (m;;) € M,(2) such that [T = fI(M) and
hence

mi1
ur =

My .7

)

It then follows that
re MUy = myyre™ (FU(E: )T FI(M) - T)
5,J

= mij-ret (FI(E;)T FIMT))
5]

= Z mm-Ei,j X MT
.J
=Moo M.
Finally, letting fI(Mj) = I} for each column [, we have
by linearity that

S=re (S -7)-T

a

(Mk ® ME)T
k=1

Example 111.10. Consider

0000 0001
o011 , {0001
S = 0100 =S =re(S-7)- 7= 0000

0101 1101

Applying the constructive algorithm in [I3 Sec. 3] we
produce a minimal binary Cholesky decomposition

11
11 1100
00 1101/

01

S =

Isolating the summand corresponding to the second col-
umn, we have

re Y (lold 1) = re?

(ml,l, N 7mr77~) = Z mz,jfl(Ew)Tfl(M)
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~(1)=6)

Handling the first column [; similarly then yields

T T
11 11 11 11
s=()e (o) 1))
With Lemma established, we now investigate
methods for converting a sum of non-invertible M; @ M
into a similar decomposition comprising only invertible
matrices.

To this end, it is useful to set up some notation and
collect a few preliminary lemmas.

Definition III.11. Let A, B € M,(2). We define
S(A):=(Ae AT)r

D(A,B) := S(A+ B) + S(A) + S(B)
= (A@BT"+B® A")r

In this notation, the goal is to find a minimal number
of A; € GL,(2) such that S = >, S(A;). Similarly to
Section [[I] it useful to introduce a weight function to
track this

Definition IIT.12. Let S € SYM,2(2). The weight of
S, denoted w(S), is the minimal number of A; € GL,(2)

such that § = S 5(4,).

We remark that terms of the form D(A, B) are the nat-
ural “cross-terms” incurred when splitting non-invertible
matrices into sums of invertibles - dealing with these is
the main remaining challenge.

The following facts are immediate from the definitions

Lemma II1.13. Let A, B,C; € M,.(2). Then the follow-
ing hold

(a) D(A, B) = D(B, A)
(b) D(A, B) = D(A, A + B)
(c) D(A, 52, Ci) =2, D(A, Cy).

Lemma II1.14. Let A,B € M,(2) and assume there
exists C € GL,(2) such that

A+C,B+C,A+B+CeGL.(2).
Then
D(A,B) = S(A+C)+S(B+C)+S(A+B+C)+5(C).
In particular w(D(A, B)) < 4.

Lemma II1.15. Let A,B € M,(2) and P,Q € GL,(2).
Then

(P®Q)S(A)(Q" ® PT) = S(PAQT)

(P®Q)D(A, B)(Q" @ P") = D(PAQ", PBQ")
Hence for M € M,2(2), we have that
w(M) = w((P®QMEQ" ®PT)).
In particular, w(D(A, B)) = w(D(PAQT, PBQT)).



Proof. (Proof of Theorem [I[II.7) By Lemma [I11.§| there

exists a decomposition

§ =3 (M@ MT), (®)
i=1

for some a < r? 4+ 1. We first consider the addition of
diagonal matrices D; to each component M, - as seen
in Section [[] this can be advantageous as the space
spanned by the D; has dimension at most r. So, ap-
plying Lemma, there exist invertible matrices A;
and diagonal D; such that M; = A; + D;. It follows that

§ =2 S(M) (9)
_ 3" 54

Note that each diagonal D; may itself be written in the
standard diagonal basis E; ; € M,.(2) to yield

D;) + D(A;, D;). (10)

EJJ +D ]j?ZdeEkk) 5

k>j

Z%

(11)

for some d; ; € F>. Then substituting each decompo-
sition into , expanding each D(A4;, D;) in the
digaonal basis, and collecting terms by repeated use of

Lemma [IT1.13| (a) and (c) yields
S=> S(A)+ Z e;S
i=1

for some ¢;, f; € Fy and B; € M,.(2). Note in particular
that the latter two sums contain at most r terms each,
and that the B; are not necessarily invertible. Of course
each E;; € M,(2)\GL,(2) also, but applying Lemma
[[T.14] there exists a single 7-cycle permutation matrix o
such that each E; ; + 0 € GL,(2). By substituting

”+Zb E;;,B;), (12)

S(E;;) =8(Ei;+0)+S(0)+ D(E;;,0)

into (12) and again collecting like terms by applying
Lemma [IT1.13] yields

S:is

+Zej (Ej; +0) (13)

Zej +ZfDE“,B’ (14)

To summarise, up to the addition of Y_; f/D(E;;, B),
we have that w(S) < r?+7r+2. It thus remains to handle
this final term. Moreover, as there exist permutation ma-
trices P, @ € GL,(2) such that E; ; = PE; 1 QT, we may
restrict our attention to a single summand D(FEy 1, By)
by Lemma
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Now again using Lemma observe that if
P,Q € GL,(2) are such that PE;1QT = Fj., then
’LU(D(ELl,Bl)) = w(D(ELl,PBlQT)). But this holds
for a large range of P and Q:

1 pT 1 07
<0 1;3/) ~Eqq - (q Q'> =FE1,,

for all vectors p,q € F5~' and P',Q" € GL,_1(2). Left
and right multiplication by such P and Q7 allows us to
perform a modified Gaussian elimination on By, reducing
it to the form

ab00

cd00o0
Biz(XD>: 00e0 ,

000 f

D

where D € Diag,_,(2) is diagonal.

Now if r = 4,5 we check computationally that for all
Bj there exists C' € GL,(2) such that C,C + B{,C +
FE41,C+ B+ E4 1 are invertible. Thus by Lemma

w(D(Eh 1, BY)) < 4, and by the arguments above, all

w(D(E, ;. B;)) <

Ifr > 6 then ﬁrst note by the r = 4 computa-
tions, there exists an invertible C' € GL4(2) such that
X+C,Ey1+Cand X + E;; + C are all invertible. To
handle the lower block of dimension r — 4 > 2, if D is
not full rank, then we choose C’ to be any (r — 4)-cycle
permutation matrix and D + C' € GL,_4(2) by Lemma

If D = I,_4, then it suffices to choose any invert-

ible C” that fixes only the zero vector (and such a matrix
always exists for r — 4 > 2).

Hence letting C"" = (C C’)’ we have that C”

Evy+C" = <E1,1 +C C”> ’

’ " o__ X+C

Bl +FEi1+C" = (X+E1’1 +C

D+C’>

are all invertible. Thus as above, we have by
Lemma w(D(E11,B})) < 4, and similarly, all
w(D(E; ;,B;)) < 4. In conclusion, when r > 4 we collect
terms in , to see that there exists at most 72 4 5r + 2
matrices A; € GL,(2) such that S =", S(4;).

It remains to consider the case r = 3. Here we note
that provided

010 110
B,#(100],[100], (15)
001 001



we may proceed as above, as there exists a choice of
C' € GL3(2) that satisfies the conditions of Lemma
However if B is one of the two exclusions in (15 then
no such C exists, and we in fact check computationally
that w(D(E1,1,B})) = 7. The r possible terms of this
form thus incurs an additional cost of up to 7r, giving an
overall bound of r% + 8r + 2. O

In summary, we have demonstrated that all logical di-
agonal Clifford operators of the SHY PS(r) codes may be
implemented fault-tolerantly, using generators of (phys-
ical) depth 1. Moreover, the total depth required for
an arbitrary diagonal operator is bounded above by
7?2 4+ 5r + 2 (for r > 4). Comparing the number of gener-
ators

1B = |GL(2)] ~ 2"
to the total number of diagonal operators
|SY M,a(2)] = 2 "+D/2,

we see that our achieved compilation in O(r?) steps is
optimal up to a constant factor. Moreover as k = r?
is the number of logical qubits, this mirrors the case
of k un-encoded qubits: given a symmetric matrix S €
SY M}, (2), the depth of the (un-encoded) diagonal Clif-
ford operator is determined by solving an associated
graph colouring problem (ignoring diagonal entries, treat
S as an adjacency matrix). Colouring the complete graph
on k vertices requires k + 1 colours, and correspondingly,
there exist diagonal operators that require depth k + 1.
Hence encoding using the SHYPS codes incurs a negligi-
ble depth penalty.

C. Compiling specific operators

Theorem [TT.6] demonstrates efficient compiling of arbi-
trary (in-block) diagonal Clifford operators in the SHYPS
codes. However, costings of single one- and two-qubit
logical gates are also of interest, and we examine these
below. For a full breakdown of logical diagonal Clifford
costs, we refer the reader to Table [[T]

Let’s first consider S circuits.

Lemma ITL.16. Let S, ;) be a single qubit logical S oper-
ator corresponding to the (i, j)-position in the r X1 logical
qubit array of SHY PS(r). Then the following holds

1. There exists an implementation of S(; ;) using 6 (9
when r = 3) generators from B.

2. There exists a depth-1 operator in B that performs
S(i.j) (plus additional diagonal gates, in general)

Proof. Recall that the operator S; ;) corresponds to the
symmetric matrix B with single nonzero entry in the
(i,7)th diagonal position. In fact, B = (E; ; ® E] )7, =:
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S(E; ;). By Lemma there exists X € GL,(2) such
that E; ; + X € GL,(2) and this yields

S(E;;)=S(E;; +X)+S(X)+ D(E;;,X).

Observing that there exists permutations matrices P, @
such that PEMQT = Fj 1, we follow the proof of The-
orem [[II.7) to show that w(D(E1,1,X)) < 4 and hence
w(B) < 6, provided r > 4. If r = 3 then the associated X
above may produce one of the exceptions listed in ,
yielding w(B) < 7+ 2 =9 instead.

For the second statement, it suffices to choose any g €
GL,(2) such that (g ® g7) -7, has a nonzero entry in the
(i,)th diagonal position. Well
(ei@e)-((g@g") - 7)- (i @ej)" = eige] @ejg’el

= eige]-T ® (eigejT)T
= (9)is-

So it suffices to choose any invertible g € GL,(2) with
nonzero (i, )th entry. A simple choice is the permutation
matrix corresponding to the 2 cycle (4, j) - note that such
a choice minimises the weight of (g ® ¢g7) - 7, and thus
has a ‘minimal’ logical action (containing S; j)). O

Corollary II1.17. Let SV be a logical S circuit, where
the (a,b)th entry of V. € M,(2) indicates an S gate per-
formed on the (a,b)th qubit. If V is invertible then there
exists a depth-1 generator that implements a logical diag-
onal Clifford operator containing SV .

We are similarly able to produce low-depth implemen-
tations for isolated CZ gates in the SHYPS codes.

Lemma IT1.18. Let (a,b) # (¢,d) be qubit positions in
the logical qubit array of SHY PS(r). Then there exists
an implementation of CZ, ) (c,q) in physical depth 4,
using 4 generators from B.

Proof. Let S = D(Eq44,Ecp). Clearly S is symmetric
and contains a single pair of off-diagonal entries. Fur-
thermore, (a,b) # (c,d) implies that

(eq ®ep)S(ec ® ed)T = eaEa’dedT ® ebEb,cecT
=1.

Hence the nonzero entries in S correspond to the log-
ical operator CZ(, 1), (c,a)- Next observe that there ex-
ist row and column permutations P and QT such that
the nonzero entries of PEa,dQT, PEcbeT lie below the
diagonal. So in particular, adding the identity I, to
these lower diagonal matrices is guaranteed to be in-
vertible. The result then follows by Lemma [[T[.14] and
Lemma [TTT5 O

Further results for low-depth implementations of spe-
cific diagonal operators are given in Section[[V] There we
shall see that for a fixed set of logical qubits, the ability
to perform any logical diagonal on said qubits, relates to
low-depth implementations of arbitrary Hadamard cir-
cuits.



D. Multi-block diagonal Cliffords

To generate logical diagonal Clifford circuits across
multiple blocks of our chosen SHYPS code, we rely on the
results of Section [[TA] by Hadamard transforming cross-
block CNOT operators. Furthermore, due to the ten-
sor product form of the gauge generators in the SHYPS
codes, an all-qubit logical Hadamard is particularly easy
to implement.

Lemma I11.19. In SHY PS(r), the physical Hadamard-
SWAP operator Hy - - - Hp2Ty, implements the logical op-
erator Hy --- H,27,.

Proof. This is clear from the definitions of Gx, Lx etc,
and the fact that (P ® G)71,,,. = 7.(G ® P). O

In essence, the all-qubit logical Hadamard is imple-
mented by an all-qubit physical Hadamard. As the
following Lemma for cross-block CZ operators demon-
strates, the additional SWAP circuits 7,, and 7. can be
easily accounted for by adjusting the automorphisms in
our depth-1 CNOT generators. Thus cross-block CZ
circuits may be implemented analogously to cross-block
CNOT operators, by a low-depth sequence of transversal
CZ circuits.

Lemma III1.20. Let A € M,2(2) and

Uo(A) =[] ¢25i, ;.

ij=1

be the corresponding cross-block circuit of logical CZ
gates. Then Uy 2(A) is implemented by a sequence of
at most % + r 4 4 transversal physical CZ circuits.

Proof. First observe that U has symplectic matrix repre-
sentation

100 A I0/00 I A0 O
07[/AT 0| _[00]01 070 O
00[7 0] (00O 001 O
000 I 07/00 00/AT 1
I0/00
00|01
000
07|00
Inserting two instances of 72 = 1 then yields
I10/00 I 0[00
00|01 07./0 0
U1’2(A)(0010 00[IO0
07|00 0 0]0 7
I A7 0 0 I 0[00
0 I 0 0 07|00
0 0 1 0 0 0(1 0
0 0 |[A-m)T 1T 0 0|0 7
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(16)

So this is exactly a cross-block CNOT circuit given by
off-diagonal matrix A - 7., conjugated by the logical
Hadamard-SWAP operator H ®T2TT on the second code
block. In circuit form:

:
g P 2 B T

Combining Theorem [[I.4] and Lemma there ex-
ists @ < r? + r + 4 automorphisms m; = 0;, ® 0y, €
Aut(SHY PS(r)) such that U; 2(A) is implemented by
the sequence of conjugated transversal CNOT operators

a "Z
n2
(L@ H" ) - 1111 CNOT; 2 =1(jymz - (17)

i=1j=1
(L2 @ T, HE™), (18)

Now, conjugating by 7,, exchanges the factors in au-
tomorphisms 7;, while the Hadamard action transforms
every physical CNOT into a physical CZ gate. Hence
letting p; = 04, ® 05, € AWt(SHY PS(r)) we have that

equals

a

n2
II(I1CZ,- e

i=1 \j=1

In particular, each bracketed term above is a logical
operator of SHY PS(r) that is evidently depth-1 and
transversal (and therefore fault-tolerant). O

The following corollary is immediate by following the
proof above, but inserting the improved depth bound
Lemma [[T.22] for isolated CNOT gates.

Corollary IIL.21. Any single logical CZ operator be-
tween two SHYPS code blocks is implementable fault-
tolerantly in depth at most 4.

Generalising the above operator to U; ;(A; ;), it follows
that an arbitrary b-block diagonal Clifford consisting of
only cross-block CZ gates may be written

1 0 Aiq - Ay
I AT, 0 o Ay,
AT, AT g
[ U4y = 2
1<i<j<b s
I

We now cost this operator in a similar manner to Sec-
tion [l As in Lemma [T.20] we restrict our attention to
b = 2% blocks for ease of presentation.



Lemma II1.22. Let b= 2'. The diagonal operator U =
[Ti<icj<p Uii(Ai;) on b blocks requires at most b/2-(b—
1) block-to-block operators U; ;(A), implemented over at
most b— 1 rounds.

Proof. The number of operators required is clear and so
we need only prove the time constraint. We proceed by
induction: in the base case b = 2, U = Uj2(A) and
hence requires exactly 1 round. Next assume that the
result holds for b/2 blocks and observe that

U= II vy JI  UiiA)
1<i<j<b/2 b/2+1<i<j<b
I U4y
1<i,j<b/2
=: [Ul . UQ} . U3.

As U; and U, act on disjoint sets of b/2 blocks, by as-
sumption they can be simultaneously implemented in
b/2 — 1 rounds. The remaining (b/2)? operators that
make up Uz are then implementable in a further b/2
rounds (scheduled via a cyclic shift as in the proof of
Lemma , giving a total of b — 1. O

The following Corollary is immediate by combining

Lemma [11.22] and Lemma [TL.20

Corollary 1II1.23. The diagonal operator U =
HlSKij Ui ;(A; ;) on b blocks is implemented in depth
at most (b—1)(r? +r +4).

To complete this section on diagonal Clifford opera-
tors, we combine our work on in-block and cross-block
operators in Theorem [[IT.24] Note that the results of this
section are also presented in Table [T} while Section [[V]
contains additional work on diagonal operators that are
useful for compiling Hadamard circuits.

Theorem 111.24. Any logical diagonal Clifford opera-
tor (modulo Paulis) on b-blocks of SHY PS(r), is imple-
mented in depth at most

br? +r(b+4) + (4b—2), r > 4,

16b+25=br* +r(b+7)+ (4b—2), r = 3.

Furthermore, such implementations require no auxiliary
qubits, and thus have zero space cost.

Proof. As the subgroup of diagonal Clifford operators is
abelian, we may implement an arbitrary operator as a
sequence of parallel in-block gates, followed by any nec-
essary cross-block gates. We therefore accrue an initial
circuit of depth 72 + 5r + 2 (or 2 + 8 + 2 when r = 3)
for in-block gates by Theorem [[I[.6] regardless of block
count. This is then followed by additional depth of at

most (b — 1)(r?2 +r + 4) by Corollary [[I11.23
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It’s clear that implementing diagonal operators in
SHYPS codes incurs zero space overhead: in-block di-
agonal operators are implemented directly using logical
generators from B, whereas cross-block logical CZ gates
mirrors the case of cross-block CNOT operators seen in
Section [ O

IV. HADAMARD-SWAP OPERATORS IN
SHYPS CODES

To complete the analysis of logical Clifford implemen-
tations in the SHYPS codes, we need lastly to charac-
terize the Hadamard gates. However as Lemma
suggests, it is natural to consider Hadamard circuits in
conjunction with SWAP circuits as together these oper-
ators generate a subgroup of Spoy(2) called the signed-
symmetric group or hyperoctahedral group.

We find that logical permutations within a single
SHYPS code block present significant depth savings com-
pared to generic CNOT circuits (O(r) versus O(r?)).
Moreover, in Section [[VB| we show that the depth of
multi-block permutations does not grow with the num-
ber of blocks b. Lastly, we examine arbitrary Hadamard
circuits in Section [[V.Cl Here we combine our work on
in-block permutations with certain depth-1 diagonal cir-
cuits, to implement Hadamard circuits in depth O(r).

A. In-block permutations

First recall Lemma that for any choice of g1, ¢o €

GL,(2), the logical CNOT circuit 691?92

GLy,2(2) may be implemented by a depth-1 physical
CNOT circuit. Moreover, these depth-1 circuits generate
the full algebra of upper-right cross block CNOT opera-
tions

S

(5 7)  aema.

To achieve the full algebra, we generically require O(r?)
depth-1 generators but let’s restrict our attention to cer-
tain permutations in GL,2(2): For o1,...,0, € S, we
define

g1

g2 r
A(oy) == =Y Eii®o,
i=1

(2%

and then for an additional v € S,., consider the product

A(0:) - (V@ I) € GLy2(2). (19)

Now clearly these elements are permutations of the
r2 logical qubits, but moreover they form a subgroup



isomorphic to Sy x S, < S,.2 - this can be observed by
checking that

(U_l X I)(Z Ei,i ® Ui)(’U X I) = ZEUA(Z‘),UA(,') X o;

= Z Eii ® 0y

To understand exactly how this subgroup acts, first con-
sider the action of A(o;):

Zajkej ®€k Zaj7kej®ek7 ZEZ'L@UZ

:E E o ke @ epo;

i=1 k

= Z Zai’kei & ea;l(k).

=1 k

In particular for each chosen o; in A, there is a
corresponding permutation action on the basis vectors
e; ®eq,...,e; ®er.. In qubit terms, A(o;) performs a
permutation o; along each row of the r x r grid. Simi-
larly, it’s easy to check that the action of (v®I) on basis
vectors induces a permutation of the rows of qubits.

Expanding the product we see that

Al;)- (v ) = ZEW_l()@o—Z (20)

Since Ej ,-1(;) - v_l = E;;, it follows from Lemma [II.14
that E; 1) - L4+ p € GL,.(2) for any r-cycle p and
hence Ew 1) + pv € GL.(2). Collecting terms in
Eq. . ) then yields
A(oi) - (0@ ) =Y (Ejp1() + pv) @ 0y
i
+pu® (Z 0;)-

%

Finally, applying Lemma to the (possibly) non-
invertible permutation sum in the second term provides a
decomposition of A(o;)-(v®I) into at most r+2 matrices
g1 ® g2 € GI,.(2)%. Tt follows that the cross-block CNOT
circuit (é Aloi)- I(“ @1 )> and the in-block CNOT cir-

. (Alg;)-(v®I) 0
cuit ( 0 I
1 generators, respectively. Here for the in-block operator
we have used the cross-block trick from Lemma [T18l

Now in the analysis above, we could have instead cho-
sen matrices that act on columns rather than rows, i.e.,
of the form:

) are implemented by r+2 depth-

B(o:) - (I®v) = (> 0i® Ei;)(I ®v).

i=1
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By the same arguments, these generate a subgroup iso-
morphic to 5] x S;, implementable using at most r + 2
depth-1 physical generators. Observe however that these
two subgroups, called say K,ow and Ko, are distinct.
They are also maximal subgroups of S,z by the famous
Onan-Scott Theorem [14], and hence S,2 = (Kyow, Kcol)-
Le., these two particular collection of logical SWAP cir-
cuits, generate all permutations on a code block of r?2
logical qubits. In fact, one can show that S,z = Ko -
Kool - Krow [15], yielding the following result:

Proposition IV.1. Any logical permutation on a sin-
gle SHY PS(r) code block is implemented fault-tolerantly,
using CNOT generators AUAT | in depth at most 3(r+2).

In-block permutations can be used to derive a useful
result on cross-block CNOT circuits: depth-1 cross-block
CNOT circuits can be implemented in O(r) depth, rather
than O(r?) as required for general cross-block CNOT cir-
cuits.

Corollary IV.2. Any logical depth-1 cross-block CNOT
circuit across two SHY PS(r) code blocks can be imple-
mented in depth no greater than 8r + 18, using CNOT
generators AU AT .

Proof. Take an arbitrary logical depth on cross-block
CNOT circuit

I A
X = (o 1) € GLy2(2).

Since X is depth-1, the matrix A € M,2(2) has at
most a single nonzero entry in each row and column.
Therefore, there exists a permutation P € S,z such that
AP € Diag,.. We first rewrite X as

CEHEMEL) -

As any matrix in Diag,»(2) has tensor rank at most r,
it follows from Proposition that w(AP) < 2r + 6.
Therefore, the cross-block CNOT operator appearing in
Eq. can be implemented using at most 2r+6 depth-1
generators from A.

To conclude the proof, we need to add the cost of the
in-block permutations P and P~'. By Proposition [[V.1}
it follows that P and P~! can each be implemented in
depth at most 3746, which results in a maximal physical
depth for X of 8r + 18. O

A similar result exists for depth-1 cross-block CZ cir-
cuits.

Corollary IV.3. Any logical depth-1 cross-block CZ cir-
cuit across two SHY PS(r) code blocks can be imple-
mented in depth no greater than 8r + 18.

Proof. Take any logical depth-1 cross-block CZ circuit U.
First observe that U has symplectic matrix representa-



tion

, (22)

where the matrix A has at most one nonzero entry in
each row or column. Similar to the strategy used in the
proof of Lemmal[[T[.20] we first rewrite U as a cross-block
CNOT operator, conjugated by H ®’"27; on the second
code block:

:
Al An fr]{m}

Note that since A has rows and columns of weight at
most one, so has A7,.. We decompose the depth-1 cross-
block CNOT operator in the circuit above as we did in

the proof of Lemma

:
il i s

where P € S,2 is such that A7, P € Diag,2(2).

gating P by H ®’”27'r yields a different permutation P’,
and hence we can rewrite the previous circuit as

T

Now, since Ar.P € Diag,2(2), its tensor rank is no
greater than r. Therefore, Proposition implies that
the cross-block CNOT operator é A?P
be implemented using at most 2r + 6 depth-1 generators
from A. Following the same reasoning as in the proof of
Lemma we then find that U can be implemented
using two logical in-block permutations and up to 2r + 6
transversal physical CZ circuits.

Finally, implementing the logical in-block permuta-
tions P’ and P'T requires at most depth 2 - (3r + 6) by
Proposition We thus find that U can be imple-
mented in depth at most 8 + 18. O

Conju-

€ GLy,2 can

B. Multi-block permutations

Next, we turn to logical multi-block permutations.
One might initially expect that the depth of their physical
implementation would scale with the total number of log-
ical qubits (i.e., br? for b code blocks of SHY PS(r)) like
it does for, e.g., multi-block CZ circuits. However, we will
show below that general permutations can be done much
more efficiently. In particular, they are implementable
in a depth that does not scale with the number of code
blocks, but simply with the number of logical qubits per
block.
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The strategy to efficiently implement a general per-
mutation is to decompose it as the product of two in-
volutions (i.e., two depth-1 SWAP circuits). The logical
SWAP gates in these involutions may then be scheduled
efficiently using an edge-coloring algorithm, and the re-
sulting number of required rounds does not scale with
the number of code blocks but rather with the number
of qubits per block. Since individual SWAP gates can be
performed in depth O(1), it then follows that multi-block
permutations can be performed in detph O(r?).

Theorem IV.4. A logical permutation operator on b
code blocks of SHY PS(r) can be implemented in depth
3612 + 3r + 6.

Proof. Take any permutation operator P acting on br?
qubits. We first write P as the product of two involu-
tions: P = A - B. Each of these involutions can in turn
be written as a product of an involution consisting of in-
block SWAP operators, and one consisting of cross-block
SWAP operators, denoted by Aig and Acg, respectively.
Note that in-block permutations normalize cross-block
involutions. Hence, we find P = Acg A1 Bis Bcs.

It follows form that A;gBig can be implemented
in depth 3r+6 It remains to determine the depth required
to implement the cross-block components Acg and Bcog.

Consider a multigraph G4 with b vertices, correspond-
ing to the b code blocks, and an edge between two vertices
for each two-cycle in Agg swapping qubits between the
corresponding code blocks (i.e., if m qubits are swapped
between a pair of code blocks, the corresponding vertices
are connected by m edges). A theorem by Shannon [I6]
states that a proper edge coloring of a multigraph G with
maximum vertex degree A(G) requires at most 3/2A(G)
colors. Since A is an involution, it immediately follows
that A(G4) < r2. Therefore, Acg can be implemented
in at most 3/2r% rounds, each containing at most a sin-
gle SWAP operator per code block. By Lemma [[T.22] a
single logical CNOT operator between code blocks is im-
plementable in depth at most 4, and hence a single SWAP
operator between code blocks is implementable in depth
at most 12. It follows that Acp is implementable in depth
at most 1872, and the same applies to Bcg.

We conclude that P is implementable in depth at most
3672 + 3r + 6. O

C. Hadamard circuits

We now turn to implementing arbitrary Hadamard op-
erators in the SHYPS codes. Recall that SHYPS codes
have a fold-transversal Hadamard operator H®"r, |
which implements the logical Hadamard-SWAP opera-
tor H® 7, (see Lemma . We may then apply the
result on in-block permutations from Proposition [V-1] to
T, to cost the isolated all-qubit logical Hadamard.

Corollary IV.5. The all-qubit logical Hadamard opera-
tor H” on SHY PS(r) is implemented in depth at most
3r + 10.



Proof. By Lemma H® is implemented by depth-
1 all-qubit physical Hadamard H®" gates, composed
with 7, and 7. As 7,, is a physical SWAP circuit,
it is implementable in a depth-3 CNOT circuit. Whereas
7. € Sp2 requires depth at most 3r + 6 by Proposi-

tion [V.11 O

As for the fault-tolerance of this implementation, we
recall from the discussion in Lemma that 7,, only
exchanges qubits lying in different rows and columns of
the physical qubit array. Thus a single gate failure during
implementation will not lead to a weight two Pauli in
the support of a single logical operator, and the circuit is
therefore distance preserving. This guarantees the fault-
tolerance of H®*. We note that for qubit architectures
with high-connectivity, such a swap may be implemented
in practice by simple qubit relabelling. This however
leads to only modest constant savings in depth.

Combined with CNOT operators and diagonal gates,
the all-qubit Hadamard is sufficient to generate all Clif-
ford operators. However for practical applications it is
desirable to more accurately cost HY for V € M,(2),
where as before, V; ; = 1 indicates a Hadamard gate on
qubit (i, 7).

To implement such arbitrary Hadamard circuits, the
following circuit identities are useful

Lemma IV.6. Let V € M,(2). Then the arbitrary
Hadamard circuit HY is implemented by repeated appli-

cation of H®™ and SV .

Proof. Tt’s easy to check that (S - H)? = (1 +1)/v2- I,
i.e., the identity up to global phase. Hence because H
has order 2,
(SV X H®T2)QSV _ HV.

O
Lemma IV.7. Let V € M,(2) with V; ; =1 for an even
number of entries. Then the arbitrary Hadamard circuit
HY is implemented by repeated application of H®T2, any

depth-1 circuit of CZ gates with support strictly on qubits
{(i,4) | Vij = 1}, and a qubit permutation.

Proof. 1t is readily verified that the following circuit iden-
tity holds:

(CZip- (H® H))®> = SWAP 5. (23)

Since H has order two, one then finds

2
(( H C’Za7b)~H®r2> ( H CZa7b~SWAPa,b)=HV,

{a,b}eP {a,b}eP

where P is any partition of the set {(,7) | V;; = 1} into
subsets of size 2. The lemma now follows from the fact
that [y, yyep CZayp is a depth-1 circuit. O

These two lemmas can be combined into the following
statement:
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Corollary IV.8. Let V. € M,(2). Then HY is im-

plemented by repeated application of H®T2, any depth-1
circuit of diagonal gates with support strictly on qubits
{(i,4) | Vij = 1}, and a qubit permutation.

We now introduce a particular set of depth-1 (logical)
diagonal Clifford circuits on r? qubits:

2= {(é DITT> € Spy,2 | D € Diag,2(2), D7 € SYM,2(2)}.
For convenience, we denote the set of diagonal matrices
appearing in the definition above by

¢ .= {D € Diag,»(2) | D -7, € SY M,2(2)}.

Lemma IV.9. Forinteger 0 < s < r2, the set = contains
an operator with support on exactly s qubits.

Proof. Recall that the right action of 7. on any matrix
in M,=2(2) is to swap the columns (7, j) and (j,) for 1 <
i # j < r, while leaving columns (¢, ¢) unchanged. Hence,
the following set forms a basis of &:

{Eiaanl1<i<r}
U{EG).6.5) T EGanga |1 <i#5<r}.

These basis elements of & correspond to diagonal oper-
ators S(; ;) and CZ(; 5) (j,i) in Z, respectively. The two
subsets contain r and (r? — 7)/2 elements, respectively.
The lemma now follows by observing that any integer
0 < s < r2 can be written as a sum a + 2b for some
0<a<rand 0<b< (r?—r)/2. O

Using circuits from = in conjunction with Corollary
1V.8| allows us to execute a Hadamard circuit on any
number of qubits inside a SHY PS(r) code block, but we
are not free to choose which qubits. Conjugating these
circuits by a permutation operator, however, allows for
the implementation of any arbitrary Hadamard circuit
HY for V € M,(2). Given that both the all-qubit logical
Hadamard operator and all logical permutations within
a SHY PS(r) code block can be implemented in depth
O(r), a depth-O(r) implementation of all logical depth-
1 diagonal operators in the aforementioned set would
guarantee that all logical Hadamard circuits are imple-
mentable in depth O(r) as well.

We first prove a small lemma on a generating set for

¢.

Lemma IV.10. The set of matrices € is generated (un-
der addition) by matrices of the form

D®D where D € Diag,.(2).

Proof. One can readily verify that (D ® D)7, is symmet-
ric for any diagonal matrix D € M,.(2). Since the set
¢ is closed under addition, it suffices to show that we
can generate all elements of some basis. Recall that the
following set forms a basis of &:



{EGi,ua | 1<i <}
U{EG5).6.9) T EGoiGa | 1< i# 5 <}

The lemma follows by observing that E; ;) i) = Eii ®
Eiq, and E( ) i5) + B = (Bii + Ej ;) © (Bii +
E;j)+Ei; ®FE;; + E; ; ® Ej ;. O

Theorem IV.11. Let D € . Then there exist
Ai,..., A, € GL,.(2) for some p < br+ 1, such that

DZ

Proof. Using Lemma[[V.10] we first decompose D €  as

A; @ AT).

D=) D;®D; (24)
i=1

for D; € Diag,.(2) and @ < 2" — 1. One can then pro-
ceed in a manner similar to the proof of Theorem
starting from equation [10| (note that we would only re-
tain the second term in that expression). In particu-
lar, we decompose each diagonal matrix D; in the basis
{Ejjl1<j<rk

D= szle]j®zd1kEkka

=1 j5=1

and then collect the terms as follows

D= ¢E;; ®
j=1

Ejj+ > fi(E;; ® Bj+ B; @ Ej ),
j=1

for some e;, f; € Fo and B; € Diag,.(2). Provided r > 3,
one can then invoke Lemma [[T.14] Lemma [[II.13] and
Lemma as in the proof of Theorem [[TI.7] to obtain
that w(D7) < 5r + 1. When r = 3 we check compu-
tationally that w(D7) < 12 for all D of the form (24),
completing the proof. O

The bound on the weight of the diagonal matrices in
¢ specified in Theorem implies the following state-
ment when combined with Corollary [[TT.3}

Corollary IV.12. The logical depth-1 diagonal circuits
in E on code SHY PS(r) may be implemented by a phys-
ical circuit of depth at most br + 1.

Finally, we can combine the result above with those on
in-block logical permutations and the circuit identity in
Corollary to obtain a O(r) depth scaling for arbi-
trary Hadamard circuits.

Theorem IV.13. Let V € M,(2). Then the arbitrary
logical Hadamard circuit HY on code SHY PS(r) may be
implemented by a physical circuit of depth 21r 4 15.
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Proof. Using Corollary one can write

=Sy - H® .Sy, H® .Sy Ay,

were Sy is a logical depth-1 diagonal circuit with support
strictly on qubits {(¢,7) | Vi; = 1}, and Ay is a depth-1
logical SWAP circuit.

We first focus on the special case V € SY M, (2). In
this instance, one may choose Sy € =Z. The depth of
Sy and Ay follows from Corollary and Proposi-
tion respectively. Note that H®™ - Sy - HO™ s
an X-diagonal operator which can be executed in the
same depth as Sy. Hence, we find in a total depth of
35r+1)+3r+6=18+09.

To obtain the cost for V € M, (2)\SY M, (2), all we
need to do is find a V'’ € SY M,.(2) with the same num-
ber of nonzero entries. HY and HY' then have the same
weight, and can be mapped onto one another by conjuga-
tion with an appropriate logical qubit permutation, this
is indeed always possible by Lemma[[V.9] In particular,
for any such V, there exists a V' € SYM,.(2) and a per-
mutation P € S,z such that fI(V) = fI(V')- P. One
then has HY = PHV' P!, We may combine the Ay
and P! into a single permutation, which results in total
depth 217 + 15. O

We end this section by noting that a single logi-
cal Hadamard operator can be executed at a constant
cost. To see this, recall that (up to a global phase)
S; - (H;-S; - H;)-S; = H;. Note that we can replace
the initial and final S; operators by some logical depth-1
diagonal operator D; that contains S;. We may then use
Lemma [[TL.I6] to determine the total cost, noting that
H; - S; - H;, as an X-diagonal operator, can be imple-
mented with the same depth as .5;.

Corollary IV.14. A single logical qubit Hadamard is
implementable in depth 8 (11 when r = 3).

V. SHYPS COMPILING SUMMARY

In this section we present a novel Clifford decomposi-
tion, which we then use to synthesize arbitrary Clifford
operators in terms of the logical generators presented in
this paper. Contrary to other known Clifford decompo-
sitions, the one introduced below does not contain any
Hadamard gates. Instead, it only contains X- and Z-
diagonal operators, a CNOT circuit, and a depth-1 di-
agonal circuit. For codes where arbitrary Hadamard cir-
cuits are more expensive than depth-1 diagonal gates, as
is the case for SHYPS codes, this choice of decomposition
can be advantageous to minimize the total depth when
synthesizing a Clifford circuit.

Theorem V.1. Any Clifford operator C € C,,, can be
written as the product

C=DZ -CX-DX -DZ(1), (25)

where



e DZ is a Z-diagonal operator,

e CX is a CNOT operator,

e DX is an X -diagonal operator,

e DZ(1) is a depth-1 Z-diagonal operator.

Remark. One can obtain several related decompositions
by altering the order of the constituents. In particular,
since CNOT normalizes both the group of Z-diagonal op-
erators and that of X-diagonal operators, one can move
CX above through either DZ or DX. One can also in-
vert the entire order by considering the inverse of the
decomposition for Clifford operator C~'. Finally, a
decomposition of the form

C=DX-CX-DZ DX(1) (26)

can be obtained by conjugating the decomposition of
Clifford operator H®*CH®™ by the all-qubit Hadamard
operator H®™. 1In total 12 different decompositions of
this kind can be obtained by combining these three tricks.

In order to prove Theorem we first prove two sup-
porting lemmas.

A B

Lemma V.2. Let x = <C D

> € Span(2). Then there

exists X' = € Span(2) (with K = K7T), such

I K
01
that x' - x has invertible top-left quadrant. Furthermore,
K can always be chosen such that each of its columns

contains at most a single nonzero entry.

Proof. Denoting the rank of A € M, (2) by k, we may
right-multiply x with a symplectic matrix of the form
(g UOT> to perform Gaussian elimination on the first
n columns, yielding

A 0

!/

(v oo [ao0 P

X OU_T_Clch,
Cy Cy

4 has rank k. Note that

where A; € M(2) and Ay

since A has rank n, Cs necessarily has rank n — k.
C Cy

We can thus perform further Gaussian elimination on
the latter n — k& columns. In particular, there exists a
V € GL,,_; and a permutation P € S,, such that

C3 . C3
<C4> VP <In_k> |

I 0

r_
ForU—(0 v

) U, we then have
A7 0

"
PtooN (v o [ a0 P
o pPt) X o u-T)T o ¢y

1
c Lo, P

25

The symplectic condition for the matrix above implies
that C4T A} = A}, which in turn implies that A} has rank

/

k because rank (ﬁ}) = k. It follows that the matrix
2

Al 0 . .
(A,2 e/ Ink) is full rank, and therefore the matrix

I Diag(0,I,—,)\ (P~* 0\ _ (U 0
0 T o pt) X \o u-7T

has an invertible top-left quadrant. Since multiplying
this matrix from the left with Diag(P, P) and from the
right with Diag(U’~!, U'T") does not change that, we con-

clude that
I K )
01)X

with K = P-Diag(0, I,,_)-P~! has an invertible top-left
quadrant. K is symmetric and has columns with at most
a single nonzero entry, this concludes the proof. O

Note that the symmetric matrix K found in the proof
above is always diagonal and therefore the symplectic
matrix x’ in the lemma corresponds to a circuit of S
gates. However, for any involution J € S,, obeying KJ =
JK, the matrix K’ = KJ is a valid solution too. With
this choice for the off-diagonal block, x’ is the symplectic
representation of a depth-1 circuit containing CZ gates.

A B

C D
ible top-left quadrant A € GL,(2).
plectic matrices

Lemma V.3. Let x = ( € Span(2) with invert-

Then there exist sym-

o= (é (}) with E € M,,(2) and ET = E,

o 3= (g F9T> with F € GL,(2), and

oy = (é ?) with G € M,,(2) and GT = G,

such that x =a - (- 7.

Proof. Define matrices «, 8 and -y as in the lemma above.
We compute their product:

_ (I 0\ (F 0 IG
abv=\gr1)\orr) o1
_(F FG
“\BF EFG+FT)"

By choosing E = CA™!, F = A, and G = A™!B, the
product above yields

Bome A B
P =\0c cA'B+ AT

To prove the lemma, we must show that CA™'B +
A~T = D, and that our choices of E, F, and G result



in valid symplectic matrices «, 5, and . Recall that the
matrix y is symplectic, i.e., it satisfies the symplectic con-
dition xTQy = Q. This yields the following conditions
on the submatrices A, B, C, and D:

ATD+C'B=1, (27)
ATc+cTA =0, (28)
B'D+D'B=0. (29)

Since A is invertible, condition (27) can be restated as

D=AT4+ATCTB, (30)
Similarly, condition can be reformulated as
CAt=A"T0T. (31)

Combining these two equations, we find that D =
CA'B+ A~ and hence aBy = x.

The symplectic condition for « requires E = ET. For
our choice E = C A~ this follows from Eq. . The
symplectic condition for 3 requires F' € GL,(2), which is
guaranteed for our choice F' = A. Finally, the symplectic
condition for v requires G = G*', which for our choice of
G becomes A™'B + BTA™T = 0. Since A is invertible,
this condition is equivalent to ABT + BAT = 0. We find
the following equalities:

ABT 4+ BAT
= AB" + BAT + ABT (A7TCT +CA™Y) BAT
= ABT (I+A™TCT"BA") + (I+ AB"CA™") BA"
= ABTDAT + ADTBAT
=A(B"D+D"B) A"
=0,
where the first equality follows from Eq. the third

equality follows from Eq.[30] and the last equality follows
form Eq. O

Having established Lemma and Lemma we
now proceed to prove Theorem

Proof. (Proof of Theorem [V.1)) For an arbitrary Clifford
operator C with symplectic representation as x, it follows
from Lemma[V.2]and Lemma[V.3]that we can decompose

X as

O )69

with K = KT, each column of K having a weight of at
most one, E = ET, F € GL,(2) and G = GT.

These matrices are the symplectic representations of a
depth-1 Z-diagonal operator, an X-diagonal operator, a
CNOT circuit, and a Z-diagonal operator, respectively.

Recall that the symplectic representation of Clifford
operators, x : Cp, — Sp2,(2), was defined to right-act
on row-vectors, and therefore the order of multiplica-
tion must be inverted, i.e., for Cy,Cy € C, we have
X(C1C32) = x(C2)x(C1). We have thus obtained the de-
sired decomposition of the Clifford operator C. O
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Theorem can be used in conjunction with the re-
sults for the depth of various types of logical operators
found in Sections [[I} [[I]] and [[V] to determine an upper
bound on the depth required for an arbitrary logical Clif-
ford operator. Note that DZ(1) can always be chosen to
be an in-block depth-1 diagonal circuit. Furthermore, it
can be chosen to contain no more than r S gates per
SHY PS(r) code block, which allows us to use Corol-
lary along with two in-block permutations to im-
plement it a depth no larger than 11r 4+ 13. Also note
that since the depth of multi-block CNOT gates was de-
termined up to a logical permutation, we should add the
cost of a b-block permutation to it. This, however, does
not contribute to the leading order of the depth of general
CNOT circuits because multi-block permutations have
an implementation of depth O(r?) while b block CNOT
circuits require O(br?).

We find the following total depth for a Clifford synthe-
sized with this decomposition, using the constructions of
logical generators presented in previous sections:

DZ : br? 4 (b +4)r + 4b — 2
+CX : (2b + 35)r? + (2b + 2)7 + 8b + 2
+DX : br? 4 (b + 4)r + 4b — 2
+DZ(1) : 117+ 13

Total Depth:  (4b + 35)r” + (4b + 21)r + 16b + 11

Note that the above costing of diagonal gates assumes
that » > 4. As shown in Theoremm in-block diagonal
gates may incur an additional depth of up to 3r when
r = 3, and incorporating this in the above calculation
produces an overall depth upper bound of 64b + 407 in
this case.

We end this section with a short remark on the space
overhead required to perform an arbitrary Clifford oper-
ator in SHYPS codes. As detailed in sections [T} [[T] and
[[V] cross-block logical operations in the SHYPS code do
not require any space overhead. On the other hand, in-
block operations require at most a single auxiliary code
block. Hence, performing an arbitrary logical Clifford
operator on b code blocks of the SHYPS code (each con-
taining 72 logical qubits) requires at most b auxiliary code
blocks, resulting in a space overhead of br2.

The following result summarises the discussion above,
and provides a comprehensive costing of Clifford operator
implementations in the SHYPS codes.

Theorem V.4. Let r > 4. Any Clifford operator on b
blocks of SHY PS(r) is implemented fault-tolerantly in
depth at most

(4b + 35)r% + (4b + 21)r + 16b + 11.

Moreover this implementation incurs a space overhead
of at most b auziliary code blocks, totalling at most bn
physical qubits. When r = 3, the depth is at most 64b +
407.



VI. FAULT-TOLERANT DEMONSTRATION

In this section, we discuss our simulations of quan-
tum memories and Clifford circuits using SHYPS codes.
We begin in Section [VIA] with a detailed description of
the setup used for memory and logic simulations. Next,
in Section [VIB] we discuss fault-tolerant syndrome ex-
traction (SE), as well as SE scheduling options for the
SHYPS codes. In Section [VID] we give details of the
decoder used in the simulations.

A. Numerical simulations

We use two types of numerical simulations in this pa-
per:

e Memory simulation to establish performance of
a single code block of the [49,9,4] and [225,16, §]
SHYPS codes as compared to surface codes of anal-
ogous scale.

e Logic simulation of a random Clifford operation
decomposed into efficient logical generators applied
across two blocks of the [49,9,4] SHYPS code.

In what follows, we describe the details of each of these
simulations. Although we describe concepts in the con-
text of SHYPS codes, this discussion would also be ap-
plicable to simulations of other CSS codes.

1. Memory simulations

Quantum memory simulations are the standard ap-
proach to study the circuit-level performance of sur-
face codes, and have recently been extended to analyze
QLDPC codes under circuit-level noise [I7H2I]. Circuits
that implement quantum memory experiments follow a
specific set of steps:

1. Transversal Initialization: Initialize the data
qubits in the Z (X) basis and perform a single SE
round.

2. Syndrome Extraction: Perform a predefined
number of SE rounds. In most cases, d SE rounds
are used for a code with distance d.

3. Transversal measurement of data qubits:
Measure the data qubits in the Z (X)) basis.

We use the open-source Clifford simulation package
Stim [22] to build descriptions of these circuits, each an-
notated with detectors and logical observables. A detec-
tor is the parity of measurement outcome bits in a quan-
tum error correction circuit that is deterministic in the
absence of errors, while a logical observable is the linear
combination of measurement bits whose outcome corre-
sponds to the measurement of a logical Pauli operator
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[23]. To describe detectors we label the bits produced
during SE with the stabilizer index i, SE round index ¢,
and basis B € {X, Z}. Throughout this section, unless
explicitly stated, we assume use of the Z basis for initial-
ization and transversal measurement. A similar approach
is valid for X basis simulations.

The circuits we use for memory simulation begin with
transversal initialization: initializing all data qubits
to |0) and performing a single SE round. Note that this
does not produce the actual logical all-zero state |0), but
rather an equivalent version where not all stabilizers have
eigenvalue +1. Specifically, all Z stabilizers will be in
the +1-eigenspace, but X stabilizers will be projected to
take on random values. For this reason, at the end of
this first SE round we only define detectors based on the
Z stabilizer measurement results:

Di~(Z) = s77(Z) .

Next, SE rounds are repeated a predefined number of
times. Since the first round of SE forces the X stabiliz-
ers to have either a +1 or —1 eigenvalue, their expected
value during these subsequent SE round is no longer ran-
dom. We define detectors following these rounds of SE
by comparing stabilizer measurement results in between
SE rounds:

Di(2) = si(Z) ® s '(Z), Di(X) = si(X) @ s; ' (X),
where @ represents addition modulo 2.

The last step is transversal measurement in the Z ba-
sis. In this case, we define detectors by comparing the
stabilizer values from the final noisy SE round to the fi-
nal stabilizer values computed from products of the data
qubit measurements. We do not define detectors for X
stabilizers as they are unknown following measurement
in the Z basis. Logical observables are defined to be the
logical Z operators of the SHYPS code. We can write
them as

LZ)y= P mi, (32)

m;ELy

where m; takes values 0 or 1 and represents data qubit
measurements produced during transversal readout in
the Z basis, Ly represents the chosen basis for the logical
Z operators of the SHYPS code and ¢ € {0,...,n — 1}.
Once descriptions of memory circuits are constructed,
complete with detectors and observables, the decoding
problem for memory simulations can be cast within the
framework of Detector Error Models (DEM) [23, [24].
DEMs convey information about SE circuits in the form
of a detector check matrix Hpcy, a logical observable
matrix L, and a vector of priors p. The rows and
columns of Hpcy represent detectors and independent
error mechanisms in the circuit, respectively. The entry
in position (i,7) of Hpcy will be 1 iff the i-th detec-
tor is flipped (recall that detectors are deterministically
0 in the absence of noise) whenever the j-th error occurs
and zero otherwise. Similarly, the rows and columns of



L represent the k logical observables we are attempting
to preserve with our protocol, and the independent error
mechanisms in the circuit, respectively. The entry in po-
sition (4,7) of L will be 1 iff the i-th logical observable
is flipped by error mechanism j and zero otherwise. The
vector of priors p contains the prior error probability for
each of the individual error mechanisms in the circuit.

We use Stim to compute Hpewm, L, and p for memory
circuits under standard circuit-level depolarizing noise
[25]. This noise model assumes that each element in a
quantum circuit is independently either ideal or faulty
with probability 1 — p and p, respectively, where p is the
model parameter called the physical error rate. In the
context of our circuits for memory simulations, we have
the following faulty operations:

e State preparation: With probability p, the or-
thogonal state (e.g., |0) instead of |1)) is prepared.

e Measurement: With probability p, the classical
measurement result is flipped (from 0 to 1 or vice
versa).

e Single qubit gates: With probability p, apply
X, Y, or Z (the specific Pauli operator is picked
uniformly at random). An idle qubit in any time
step experiences a noisy I gate.

e Two qubit gates: With probability p, ap-
ply one of the 15 nontrivial 2-qubit Pauli op-
erations on the control and the target qubits
{IX,1Y,IZ, XI,...,ZZ} (the specific Pauli oper-
ator is picked uniformly at random).

Aside from using Stim to compute the triplet Hpowm,
L, and p, we also use it to simulate our circuits efficiently
and produce detector and observable samples over differ-
ent physical noise realizations. This allows us to formu-
late the decoding problem for quantum memories: pro-
vided with Hpcwm, p, and the detector samples, the de-
coder provides an estimate of the real circuit error, which
we denote by c. We assess the accuracy of the error
correction protocol by comparing the observable samples
provided by Stim to the logical effect of ¢, computed as
L - c. Repeating this procedure over different physical
noise realizations allows us to estimate the logical error
rate of quantum memories.

We refer those looking for extensive discussions on de-
tector error models and the circuit-level decoding prob-
lem to [23, 24] and [21], respectively.

Detector considerations

In recent works, memory simulations have used either
strictly Z-type or strictly X-type detectors [I7TH21]. More
explicitly, D(X) (D(Z)) have not been used to decode
Z (X) basis experiments [26]. This is primarily due to
a substantial increase in the size of the detector check
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matrix H when both detector types are used, and the
fact that most decoders cannot exploit the traces left
by Y-errors on both the X and Z stabilizers. To keep
comparisons fair, we simulate our memory circuits using
only Z-type detectors.

2. Simulations of logical operation

As with memory, we construct descriptions of logical
circuits in Stim. The following steps outline a logical
circuit:

1. Transversal Initialization: Initialize the data
qubits in the Z (X) basis and perform a round of
syndrome extraction.

2. Logical Operations Interleaved with Syn-
drome Extraction. The Clifford unitary of in-
terest is synthesized as a depth-D sequence of Clif-
ford generators. Each of these Clifford generators
is applied to the circuit followed by a round of sta-
bilizer extraction. For the logic simulation shown
in the main text, the circuit simulated comprises of
2 x 63 = 126 stabilizer generators interleaved with
syndrome extraction.

3. Transversal measurement of data qubits:
Measure the data qubits in the Z (X) basis.

In order to annotate our Stim circuits with determin-
istic observables using equation , we also apply the
inverse of the synthesized operator. This is why the total
depth of the circuit we used for our Clifford simulation
has twice the depth as the sampled Clifford circuit itself.
Noise is added to our descriptions of logical circuits using
the standard circuit-level noise model.

It is worth mentioning that it is also possible to per-
form analysis based on logical measurement results that
are random. This was recently done in [27], where the au-
thors override the Stim requirement for deterministic ob-
servables by defining gauge detectors and then interpret-
ing the random measurement results according to their
proposed methodology. Running simulations with non-
deterministic observables is important for a full charac-
terization. In fact, it might even be more practical in
some ways, as it would eliminate the need for inverting
the logical action of the Clifford operators we simulate.
As is done in most quantum error correction analyses and
simulations, we have focused on the case of determinis-
tic observables for simplicity. We leave the extension to
simulations with non-deterministic observables for future
work.

Detector discovery for logical circuits

As with memories, the first step in a logical circuit
is transversal initialization, so we define detectors in



this first stage to be the Z stabilizer measurement out-
comes:
DI(2) = 517(2) .

The next stage in the circuit involves performing multi-
ple rounds of a logical operation followed by SE. Defining
detectors in this stage is more nuanced than for quan-
tum memories [28] because logical operations preserve
the codespace but act non-trivially on the stabilizer gen-
erators we infer during SE [29]. For instance, the logi-
cal fold-transversal Hadamard gate H®"1 gate (see Sec-
tion maps X (Z) stabilizers in the (i — 1)-th round
to Z (X) stabilizers in the i-th round. To define valid
detectors, we must track the map that each particular
logical operator applies on the stabilizer generators. We
do so based on a general linear algebra approach that
computes the logical action of the operation on the stabi-
lizers and returns the relationship between the stabilizers
before and after the logical operation. Alternatively, it
is also possible to define detectors in the context of non-
trivial logic by using specific update rules for each type of
logical operator that may appear in the circuit. In [27],
the authors explain how to define detectors following the
application of transversal logical H, CNOT, and S gates.

B. Syndrome extraction circuits

In our simulations we do not measure the stabilizers
of an SHYPS code directly to perform SE. Instead, we
measure the gauge generators of the code and then ag-
gregate those measurement outcomes accordingly to in-
fer the stabilizer measurement results. We use the SE
circuits proposed in [30] to implement gauge generator
readout for SHYPS codes in our simulations. This type
of SE circuit belongs to the family of bare-auziliary gad-
gets [31], where a single auxiliary qubit is used to readout
a stabilizer or gauge generator. In what follows we ex-
plain the details of our SE strategy.

1. Circuit fault analysis

The bare-auxiliary method for extracting syndromes
provides little protection against error-spread from aux-
iliary qubits to data qubits. However, this is not an issue
for SHYPS codes. Consider the top circuit in Figure
which measures the Z-gauge generator gz; = Z;Z;Zy,
where the subscript Z denotes the fact that the gauge
generator is a composed purely of single-qubit Z opera-
tors and the subscript [ is used to represent an arbitrary
index. In this figure, numbered boxes are included not
to represent operations, but to differentiate moments in
the circuit.

If a single Z error occurs on the auxiliary qubit, de-
pending on the circuit moment at which it happens (po-
sitions 1 — 4), the error will propagate to one of the
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Figure 2. Circuits to measure the eigenvalue of Z-type (top)
and X-type (bottom) gauge generators in an SHYPS code.
The numbered boxes represent circuit moments.

following data qubit errors: {Z;Z;Zy,Z;Zy, Zy}. Error
Z;Z;Zy is the gauge generator gz, itself, so it can be
ignored. By multiplying the second error Z;Z;, by gz,
we end up with Z;, which is a weight-1 error. The third
error is already a weight-1 error. Thus, a single Z error
on the auxiliary qubit can lead to at most one Z error
on the data qubits, modulo gauge generators. An X er-
ror on the auxiliary qubit cannot spread to data qubits,
so its only effect is flipping the measurement outcome,
which will produce a measurement error.

The circuit is fault-tolerant against Z-errors, as the
single Z-faults on the auxiliary qubits are equivalent to
at worst single Z-errors on the data qubits. It is fault-
tolerant against X errors because they cannot spread to
data qubits. Since a single-qubit error on the auxiliary
qubits leads to a single-qubit error in the code block, the
circuit is fault-tolerant and hence it is protected from
high-weight hook errors [32]. A similar analysis can be
applied to show that the second circuit shown in Figure[2]
which measures the X-gauge generator gx; = X; X; Xy,
is also fault-tolerant.

Note that X errors on the auxiliary qubits will alter
the measurement outcome, indicating the presence of X-
errors on the data when there are none. This problem is
not unique to this method of syndrome extraction, and
is what leads to the frequently seen notion of repeated
stabilizer measurements with a number of times matching
the code distance.

2. Scheduling SE for SHYPS codes

There are two approaches to scheduling gauge gen-
erator measurement circuits for SHYPS codes in the
minimum-possible depth. The first relies on exploiting
the particular structure of SHYPS codes while the sec-



ond makes use of the coloration circuit approach from
[33]. Both produce gauge generator measurement circuits
of the same depth. For the simulations in this paper,
we use the coloration circuit to schedule gauge generator
readout.

Structure-based scheduling

Recall the structure of the X-gauge generators for the
SHYPS code from Section [T}

GX :H®InTa

where H is the over-complete n, X n, parity check ma-
trix of the classical (n,,r,d,)-simplex code. Moreover,
H is the cyclic parity check matrix corresponding to
a choice of weight-3 parity-check polynomial h(z) =
1+ ah + zh+d2 So there exist n? gauge generators
r; ® €5, corresponding to a choice of rows r; and e; from
matrices H and I,,, respectively. Furthermore, the cyclic
structure of H clearly implies that ¢ = X"®¢ is sup-
ported on qubits ¢; j, ¢it+d,.;, and Gitd,+d,,;, Where we
denote qubits in a codeblock by ¢ and qubit labels are
combined modulo n,..

Hence, we may schedule measurement of all n? X-
gauge generators in 5 time steps:

1. Preparation of the auxiliary states a; ; = |+);
2. Apply [[CNOT (g, ai ;)

3. Apply [[CNOT (iya, 5, ai ;)

4. Apply [[CNOT (gitd,+ds .5, i)

5. Measure auxiliary qubits a; ;.

»J

This requires a total 3n2 physical CNOT gates. Note
that other configurations of the CNOT circuit are pos-
sible, for example Steps 2, 3, and 4 could be taken in
any order. A similar schedule applies for extracting the
Z-gauge syndromes. A naive composition of the X and
Z-gauge measurement circuits would yield a depth-10 cir-
cuit. However, a depth-8 circuit is possible if: X gauge
generator measurement qubits are initialized during the
last moment of Z gauge generator extraction, and Z
gauge generator measurement qubits are measured in the
first moment of X gauge generator extraction.

Coloration circuit approach

We can alternatively schedule gauge generator readout
circuits for any SHYPS code using the edge-coloring al-
gorithm depicted in Algorithm [I] which is a slightly mod-
ified version of the algorithm proposed in [33]. Specifi-
cally, this algorithm works with a modified pair of Tanner
graphs T% and T7, where T% and T7, are Tanner graphs
whose stabilizer check nodes have been substituted by
gauge generator nodes while all other aspects of the al-
gorithm remain exactly the same.
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Algorithm 1: Edge Coloring Circuit

Data: The Tanner graphs T% and T%, as well as their
minimum edge colorings Cx and Cz
Result: Gauge measurement circuit for X and Z
gauge generators of an SHYPS code
# Z Gauge Generators
Initialize all auxiliary qubits that will measure Z
gauge generators in the |0) state;
for c € Cz do
In the same circuit moment, apply CNOT;_;;

gates from the i-th data qubit (control) to the
Jj-th auxiliary qubit (target) supported on an
edge {i,7} with color ¢;

# X Gauge Generators
Initialize all auxiliary qubits that will measure X
gauge generators in the |4) state;
for c € Cx do
In the same circuit moment, apply CNOT;;

gates from the j-th auxiliary qubit (control) to
the i-th data qubit (target) supported on an edge
{i,7} with color ¢;

Depth optimality of SE circuits

A critical aspect to consider in the context of SE
scheduling is evaluating how good the obtained readout
circuits are, since there is no guarantee that methods such
as the coloration circuit achieve the minimum possible
depth [33]. Note how, in principle, it is possible to sched-
ule CNOTs for X- and Z- generators in the same cir-
cuit moment such that these interleaved circuits achieve
lower depth than the coloration approach, which sched-
ules CNOTs for X- and Z- stabilizers separately. For
instance, the SE circuits produced by the edge-coloring
approach for surface codes have depth 10, while the in-
terleaved scheduling approach yields circuits of depth 6.

In the context of SHYPS codes, both the structure-
based and edge-coloring approaches produce the min-
imum depth circuits that implement gauge generator
readout. This is because SHYPS codes do not allow for
interleaving CNOTs involved in X and Z gauge gener-
ators, as there are no idling qubits at any given circuit
moment of the gauge generator readout circuit. In other
words, since every data qubit is involved in each circuit
moment, there is no way of pulling CNOT gates through
the circuit so that they occur earlier and the depth is
reduced.

8. Stabilizer aggregation for SHYPS codes

Once the gauge generators of an SHYPS code have
been measured, we obtain the stabilizer measurement
outcomes via stabilizer aggregation. We can determine
how to perform the aggregation by exploiting the struc-
ture of SHYPS codes. Recall from Section [[E] that the



X-gauge generators and X-stabilizers are given by
Gx=H®lI, 6 Sx=H®G,

respectively. We can write Sx = (I,, ® G)Gx. This
means that the nonzero entries in the rows of the classical
generator matrix GG indicate which gauge generator mea-
surement results must be combined to compute each sta-
bilizer measurement outcome: The indices of the nonzero
entries in row ¢ of G are the gauge generators whose com-
bination yields stabilizer generator i of the SHYPS code.
The same argument can be followed to compute the Z-
stabilizer aggregation.

C. Monte Carlo simulation data

We produce our simulation results by Monte Carlo
sampling memory and logic circuits with Stim and de-
coding over different physical error rates. We schedule
our Monte Carlo simulations with enough runs to sample
at least 100 logical errors for every physical error rate. In
this section, we explain how we compute the uncertain-
ties of our simulation results and how we normalize the
logical error rate for Figures [2] and [3]in the main text.

1. Uncertainties of simulation results

We use the 95% confidence interval, shown as shaded
regions in Figs. 2] and [3] of the main text as well as in
Figs. Bl and [4] in Section [VTE] of the supplementary ma-
terial, to portray the uncertainties associated to our sim-
ulation results. We compute the 95% confidence interval
as follows.

A Monte Carlo simulation that executes ng runs of
independent Bernoulli trials with an observed failure rate
of p has a variance

o2 = IM (33)

Ns

Its standard deviation can thus be directly calculated as

51—5
o= M (34)
Ns
Thus, we can establish the uncertainty bounds of the
true failure probability p using the observed failure rate
p within a specified confidence interval:

p=p+z-o, (35)

where, for example, z = 1.96 corresponds to a 95% con-
fidence level.

Furthermore, when the logical error rates are normal-
ized and scaled based on the number of logical observ-
ables v, the number of SE rounds s, and the number of
copies of the code m — details of which will be provided
in the next subsection — we apply the propagation of un-
certainty to update the uncertainty bounds accordingly.
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2. Normalizing and scaling logical error rates

At the end of our Monte Carlo simulations, we obtain
the number of logical error events for a given number of
Monte Carlo simulation runs. Let p, s be the observed
logical error rate at the end of a simulation that has v
logical observables and s syndrome extraction rounds.
Note that p, s is also widely referred to as the shot error
rate. In Fig.[2Jand [3|of the main text we report a different
quantity, the logical error rate per syndrome extraction
round, which we denote as p, 1. Next, we describe how
Dy,1 is calculated from p, s, v, and s.

We begin by determining the observed logical error rate
per logical observable, represented by p; . Since any er-
ror or flip affecting the logical observables is treated as
a single logical error event, we can directly define the
relationship between p, s, p1,s, and v as follows:

DPv,s = 1- (1 _pl,s)v- (36)
By rearranging , we derive
prs=1-— (1 _pv,S)l/U- (37)

Next, we calculate the logical error rate per logical ob-
servable per syndrome extraction round, denoted by p; 1.
Consider that each of the logical observables undergo s
successive Bernoulli trials, where an outcome of 0 repre-
sents success and 1 signifies failure, with each trial having
a failure probability of p; ;. Consequently, after perform-
ing s consecutive trials, the final result is effectively the
XOR of the s trials, leading to an observed failure proba-
bility of p; . This is equivalent to stating that each log-
ical observable passes through a binary symmetric chan-
nel (BSC) repeated s times in sequence. Therefore, we
can express the relationship between p; ,, p1,1, and s as
follows:

_ 1-— (1 — 2])171)8

P1.s 5 (38)
and by rearranging , we obtain
1—(1—2p)°
pry = 120 =2P1s) (39)

2

Finally, we calculate the logical error rate per syndrome
extraction round, denoted by p,, 1. Similar to , we can
explicitly express the relationship between p,, 1, p1,1, and
v as follows:

poi=1—(1—-p11)". (40)

By substituting into (39), and substituting the re-
sult into , we obtain a final expression for the logical
error rate per syndrome extraction round, p, 1, based on
the observed logical error rate p, s, the number of logical
observables v, and the number of syndrome extraction
rounds s as follows:

/S v
1+ [2(1 = pos)V/e — 1]
pv,1=1—< 20 = o) ] - (41

2



The above calculation is equivalent to the method im-
plemented in sinter, a package that integrates directly
with Stim, to calculate the so-called piece error rate from
the shot error rate.

To produce the scaled surface code data in Fig. [2] and
the two-block memory data in Fig. 3] of the main text we
calculate the logical error rate per syndrome extraction
round p,,; for multiple patches of the same code. We
denote this quantity by py';, where m is the number of
code patches. We compute the scaled logical error rate
per syndrome extraction round based on the following
equation:

pra=1-0=pu)™ (42)

D. Decoding details

The results for SHYPS codes reported in Fig. 2 and [3|of
the main text were generated using a proprietary imple-
mentation of a sliding window decoder with belief propa-
gation and order 0 ordered statistics decoding (BPOSDO)
as the constituent decoder, where we employ a modified
version of the min-sum (MS) update rule to improve the
decoding convergence. Surface code data was generated
using the pymatching package [23]. Here we give details
about our decoding approach. We provide the specific
parameter configurations for MS BPOSDO (scaling fac-
tor and iterations) used for each simulation in tables
and [Vl

1. BPOSD

BPOSD is a two-stage decoder that combines BP with
OSD. Belief propagation (BP) achieves excellent decod-
ing performance for classical LDPC codes [34], 35]. How-
ever, standalone BP decoding may not perform as well
for QLDPC codes due to a variety of reasons, including
degenerate error patterns, short-cycles in the decoding
graph, and split beliefs [36H38]. The quantum-specific
issues standalone BP suffers can be alleviated by provid-
ing the output of a BP decoder to an ordered statistics
decoder (OSD). OS decoders rely on sorting the reliabil-
ity of BP outputs and systematizing the decoding graph
to improve performance. The resulting combination, re-
ferred to as BPOSD, is a high-performing general decoder
that has become the state of the art for decoding QLDPC
codes [36], 39 [40]. Unfortunately, the improvements in
decoding performance provided by BPOSD come with
a price. OS decoding involves an unavoidable matrix
inversion step, which drastically increases the complex-
ity when compared to standalone BP decoding. Sig-
nificant effort is being made to curtail the complexity
of BPOSD without sacrificing error correction perfor-
mance [I8, 19, 21, [4T]. For our simulations we employ
so-called fast OSDO, which provides most of the perfor-
mance improvement while avoiding the complexity in-
crease of higher order OSD [39].
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BPOSD parameters

BPOSD offers a variety of tunable parameters that can
be adjusted to improve decoding performance:

e Maximum number of BP iterations, BP;{**:
BP is an iterative message-passing algorithm that
will not generally terminate on its own [34]. As
such, the maximum number of BP iterations repre-
sents the number of times that messages are allowed
to be exchanged over the decoding graph, and, gen-
erally, more iterations result in better performance.
If the BP decoder fails to find a converging solu-
tion after the maximum number of BP iterations
is reached, then its outputs will be provided to the
OS decoder for a subsequent attempt at decoding.

e OSD order: The order of the OS decoder (also
known as search depth), w € ZS‘ , determines the
number of candidates to evaluate as possible solu-
tions to the decoding problem. A larger w incurs
higher complexity while providing better error cor-
rection performance.

e MS scaling factor: For conciseness, we assume
reader familiarity with BP decoders and refer read-
ers to [36] for a full discourse on MS BP. For an MS
BP decoder to achieve performance comparable to
that of the Sum-Product (SP) BP algorithm, the
scaling factor included in the check node message
update rules must be adjusted based on the current
BP iteration index. In [36], the MS scaling factor
is defined as o = 1 — 27%, where i € Z7 is the BP
iteration index. However, we found that due to the
large size of the DCMs in our simulations, as well
as the large number of BP iterations required in
both memory and Clifford circuit simulations, the
aforementioned MS scaling factor converged to 1
too quickly. This resulted in performance compara-
ble to unscaled MS BP, which fails to approximate
SP BP appropriately. Hence, we slowed down the
convergence by introducing an additional damping
factor B, which we refer to as the dynamic scaling
factor, into the MS scaling factor equation [42):

a=1-271°1 (43)

2. Sliding window decoder

The dimensions of a detector check matrix (DCM),
which we denote by Hpc, grow with the number of SE
rounds. This implies that decoding successively deeper
circuits with many SE rounds becomes increasingly dif-
ficult. For reference, the DCM associated to our log-
ical Clifford simulation has 10,668 rows and 387,590
columns. However, empirical evidence shows that DCMs
generally possess the characteristics of classical spatially-
coupled LDPC codes [20, 43, [44]. In the context of



classical coding theory, these codes can be decoded ef-
ficiently using a sliding window decoder (SWD) [45]. In-
stead of decoding across the entire DCM, which may be
prohibitively large or add unnecessary decoding latency,
SWD performs sequential decoding on smaller window
decoding regions or subsets of the DCM. Decoding within
the decoding regions is conducted with a standard decod-
ing algorithm, such as standalone BP or BPOSD. Once
the window is decoded, the decoder shifts forward by a
specified commit step to the next decoding region of the
PCM. To ensure continuity, consecutive windows typi-
cally overlap. The overlapping decoding region allows
the decoder to account for correlations between adjacent
subsets of the DCM. By focusing on smaller, localized
regions, SWD reduces the computational load compared
to decoding across the entire DCM at once. Memory us-
age is also significantly reduced since only the subsets
of the DCM within the window decoding region need to
be stored and processed. Despite its reduced complex-
ity, SWD often achieves near-optimal performance for
spatially-coupled LDPC codes as long as the information
obtained from localized decoding propagates well to ad-
jacent decoding regions.

The full DCM for multiple SE rounds has the following
structure:

Hyi,
Hy 1 Hjp
Hso H3j3

44
Hy3 Hypq » (44)

Hpcum =

His 1 Hiy

where t is the total number of sets of the detectors used in
the simulation. In our simulation setup, t = d + 2, where
d is the number of SE rounds, and the additive factor
of 2 comes from the detectors defined after transversal
initialization and transversal measurement. This formula
holds for both memory and Clifford circuit simulations.

Given the measured detector values s, the decoding
problem becomes finding the most likely error pattern €
that satisfies

s" =Hpcum - €', (45)

where
e=[e; ey €3 e, (46)
S=1[s1 s2 83 -+ . (47)

Based on the above expansion, we can write the decoding
problem as the following set of equations:

T =T
S1 = H1)1 $€q

T ~T ~T
Sy = H2,1 -e; + H272 - €o

T _ ~T ~T
Sy =Hi12-€¢ o+ Hi14-1-€_,4

T ~T ~T
g =Hpp1-€_+Hiy ey
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Since both formulations of the problem are equivalent,
we can re-express the original decoding problem into a
set of smaller decoding problems.

An SWD(w, ¢) has two defining parameters: the win-
dow size w and the commit size ¢. The window size
w determines the number of sets of detectors that are
used as inputs for each decoding round, while the com-
mit size ¢ determines the number of detectors that we fix
for committing the error correction. To envisage how an
SWD(w, ¢) works, take SWD(3, 1) as an example and let
i denote the index of the decoding round.

In the first decoding round (i = 1) of an SWD with
w = 3, we will take the detector values [s; s2 s3] and
apply our chosen decoding algorithm to produce esti-
mated errors [e7 €3 e3] using the following segment of
the DCM:

Hy,
H2’1 H272 . (49)
Hso H3j3

=1
H%Cl\/} =

For ¢ = 1, we commit the correction of the detector val-
ues s1, which means that we commit correction on the
estimated error ;. After we commit to the estimated
error, we move on to the next decoding round (i = 2),
where we now take the detector values [sy s3 s4] at the
start of the decoding round. However, sy involves the
estimated error €; that we committed in the previous
decoding round (¢ = 1), and we do not want to double-
correct this error. To circumvent this, we update s2 in
this decoding round (i = 2) as follows:
s =s] +Hyy €] (50)
Now we perform decoding using the detector values
[sh s3 s4] and apply our chosen decoding algorithm to

produce estimated errors [e2 €3 €4] on the following seg-
ment of the DCM:

, Hj
H{co = | Hsz Hss : (51)
Hy3 Hypq

We use the output of the second decoding round to com-
mit e5: the correction of the detector values so. Remem-
ber that we have committed to the correction of €7 in
the first decoding round, so we do not need to commit
on it again. This overlapping decoding procedure is per-
formed sequentially until we reach the window decoding
region that involves the detector values [s;—2 S:—1 St
Recall that we need to update s;—a to s;_, accordingly
before starting this final round. In the last decoding
round (i = t — 2), we commit to the estimated errors
in the entirety of [e;—2 e:;—1 e:] after applying our cho-
sen decoding algorithm on the following segment of the
DCM:

(i=t—2) Hy 54 o
Hpon ™ = | Hic1p-2 Hio10 : (52)
Hy 1 Hyy



Finally, we obtain the estimated error € =
[e1 e €3 e:] after performing (¢ — 2) sequen-
tial decoding rounds using an SWD(3,1).

E. Additional simulation results

Memory Simulations for [49, 9, 4] SHYPS Code - BPOSDO

-@- (2,1) Sliding Window - BP'®* = 500
10°% _m (3,1) Sliding Window - BPT** = 1000
(4, 1) Sliding Window - BP"®* = 2000
10-14 —— Unencoded

1072,

1073,

p.. (logical error rate per round)

105 104 103 10-2
p (physical error rate)

Figure 3. Logical error rate performance of [49,9,4] SHYPS
code using sliding window decoder.
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Memory Simulations for [225, 16, 8] SHYPS Code - BPOSDO
-@- (2,1) Sliding Window - BPJ'®* = 500
107"y _m- (3,1) Sliding Window - BPJ* = 1000
(4,1) Sliding Window - BP{'®* = 2000
10-24{ —— Unencoded

e
-
-

1073

e
-
-

P

1074 T

1073

p. (logical error rate per round)

105 104 103 10-2
p (physical error rate)

Figure 4. Logical error rate performance of [225, 16, 8] SHYPS
code using sliding window decoder.

In this section, we study the effects of varying the SWD
configuration on the performance of our decoding ap-
proach. We find that decreasing the window size does
not noticeably impact the performance of the [49,9, 4]
SHYPS code, even while also decreasing BP;y**. A con-
stant logical error rate suppression with decreasing win-
dow size is indicative of single-shot behaviour, which
means it is sufficient to run only a single round of SE be-
tween each logical operation. For the [225,16, 8] SHYPS
code, we observe similar single-shot behaviour, with iden-
tical logical error rates for w = 3 and w = 4. The per-
formance drops for w = 2 (BP{®* = 500), but this gap
can likely be closed with further optimization of the BP
parameters.
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Depth bound

In-block CNOT operator g1 ® g2 for g1, g2 € GL-(2)

I g1 ®g2

Cross-block CNOT operator 7

Arbitrary cross-block CNOT operator (é 7

Depth-1 cross-block CNOT operator on two code blocks
Arbitrary in-block CNOT operator A € GL,2(2)

CNOT; ; for qubits i, j in distinct or non-distinct code blocks
Arbitrary 2-block CNOT operator (modulo logical permutation)

Arbitrary b-block upper-triangular CNOT operator

Arbitrary b-block CNOT operator (modulo logical permutation)

Table I. Depth bounds for logical CNOT operators in SHY PS(r).

Logical Gate

€ GLy,2(2) for g1,g92 € GL-(2)

M> € GLy,2(2) for M € M,2(2)

0 (qubit relabelling)

1

rP4r—+4

8r 418
r?4+r4+4
4
3(r2 +r44)

b=1)(*+r+4)+r(r+1)/2+6
(26— 1)(r? +r +4)

Recall that a CNOT operator on b blocks of r? logical
qubits is determined by matrices in GL;,2(2) - we give these matrices above where appropriate.

Depth bound

In-block diagonal generator B = (¢ ® g7 )7, for g € GL,(2)
Single logical S gate r > 4 (r = 3)

CZ;,; for qubits 4, j in distinct or non-distinct code blocks
Arbitrary in-block diagonal operator r > 4 (r = 3)
Arbitrary cross-block CZ circuit on b blocks
Depth-1 cross-block CZ circuit on two code blocks
Arbitrary b-block diagonal circuit r > 4 (r = 3)

1
6, (9)
4

r? 450 +2, (r? 4+ 8r +2)
(b—1)(r*+r+4)
8r+18
br? + (b +4) + (4b — 2), (16b + 25)

Table II. Depth bounds for logical diagonal operators in SHY P.S(r). Recall that a diagonal operator on b blocks of 72 logical
qubits is determined (modulo Pauli) by a symmetric matrix B € SY M,,2(2) - we give these matrices where appropriate. Note
that 7, is the permutation matrix exchanging qubit labels (¢, j) +— (7,4%).

Logical Gate

Depth bound

All qubit Hadamard (modulo logical SWAP) 4

All qubit Hadamard

Single qubit Hadamard gate r > 4 (r =3

Arbitrary Hadamard circuit
Arbitrary in-block permutation
Arbitrary permutation

3r 4 10

) 8, (11)
21r + 15
3r+6

3672 +3r+6

Table III. Depth of logical Hadamard-SWAP operators in SHY PS(r)

Parameters SHYPS [49,9, 4] SHYPS [49,9, 4] SHYPS [49,9, 4]
Sliding Window (2,1) (3,1) (4,1)
BP Iterations 500 1000 2000
MS Dynamic Scaling Factor 2—510 ﬁ ﬁ

Parameters SHYPS [225, 16, 8] SHYPS [225, 16, 8] SHYPS [225, 16, 8]
Sliding Window (2,1) (3,1) (4,1)
BP Iterations 500 1000 2000
MS Dynamic Scaling Factor Tsio ﬁ ﬁ

Table IV. Decoding parameters for memory simulations
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Parameters SHYPS [49,9, 4]
Sliding Window (3,1)
BP Iterations 1500

1

MS Dynamic Scaling Factor 550

Table V. Decoding parameters for Clifford Simulation



	Supplementary material for ``Computing Efficiently in QLDPC Codes"
	Contents
	Mathematical preliminaries and code constructions
	Review of Paulis and Cliffords
	Subsystem codes
	Automorphisms of codes
	Classical simplex codes
	Subsystem hypergraph product simplex (SHYPS) codes
	Lifting classical automorphisms

	CNOT operators in SHYPS codes
	Generating cross-block CNOT operators 
	Arbitrary CNOT operators

	Diagonal operators in SHYPS codes
	Lifting classical automorphisms
	Generating in-block operators 
	Compiling specific operators
	Multi-block diagonal Cliffords

	Hadamard-SWAP operators in SHYPS codes
	In-block permutations
	Multi-block permutations
	Hadamard circuits

	SHYPS compiling summary
	Fault-tolerant demonstration
	Numerical simulations
	Memory simulations
	Detector considerations
	Simulations of logical operation
	Detector discovery for logical circuits

	Syndrome extraction circuits
	Circuit fault analysis
	Scheduling SE for SHYPS codes
	Structure-based scheduling
	Coloration circuit approach
	Depth optimality of SE circuits
	Stabilizer aggregation for SHYPS codes

	Monte Carlo simulation data
	Uncertainties of simulation results
	Normalizing and scaling logical error rates

	Decoding details
	BPOSD
	BPOSD parameters
	Sliding window decoder

	Additional simulation results

	References


